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«So we see that what looks like a dead, uninteresting thing [. . . ] really
contains a dynamic and interesting phenomenon which is going on all the
time. To our eyes, our crude eyes, nothing is changing, but if we could see
it a billion times magnified, we would see that from its own point of view it
is always changing.» From Six Easy Pieces, Richard Feynman
To my parents
Abstract
The aim of this thesis is to develop a model for flight simulation of a radio
controlled aerobatic helicopter, available in the Industrial and Civil Depart-
ment of the University of Pisa. The purpose of the project is to make the
small scale helicopter capable to complete a planned mission in autonomous
flight, with automatic take-off and landing and sense and avoid capabilities.
In the first part of this work, a non-linear open-loop analytic model of the
rotor-craft is developed, with the discussion of hypothesis and possible sim-
plifications. The second part focuses on the identification of the helicopter
model parameters, based on a trust region reflective algorithm, in order to
evaluate the inertial, aerodynamic and elastic variables introduced in the
model itself. The accuracy of the developed model is verified by the com-
parison between responses from the model and experimental measurements
provided by flight tests. In the last part, a simplified model is evaluated in
order to define the transfer functions needed for the synthesis of autopilot
control laws.
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Introduction
Among the Unmanned Aerial Vehicles (UAVs), there is a growing interest
in developing unmanned autonomous helicopters. The helicopter has unique
capabilities, such as take-off and land vertically, maintain hovering for an
extended period of time, broad envelope of flight, highly maneuvering flight.
These abilities prove the wide range of application, both in civilian and in
military field. In military application, rotary-wing UAVs (RUAVs) have
been tested for urban and coast surveillance, search-and-rescue missions,
zone patrol, ELINT/SIGINT, spying mission. For civil application, small
autonomous helicopters can be used for law enforcement and emergency ser-
vice (Police, Civil Security, medical transport), firefighting, emergency rescue
(for example, mountain rescue), environmental monitoring, automatic crop
dusting, climate monitoring, aerial photography, mapping and surveillance,
sampling bio-hazardous materials, packages transportation and delivery.
Developing an autonomous unmanned small-scale helicopter presents differ-
ent challenges than land and underwater robots. Helicopter is an inherently
unstable vehicle, with high-order cross-couple dynamics, and in order to de-
velop a stable control system a deep analysis is requested. In this thesis,
there is the attempt to model and identify a small-scaled helicopter available
in the Department of Civil and Industrial Engineering of the University of
Pisa: the aim of the project is developing a Remotely Piloted Air System
(RPAS) with Sense-and-Avoid capabilities. There are several reports in lit-
erature on identification modeling of model-scale helicopters ([13], [12], [18],
[19]), but they use a different approach, with discrete stability derivatives
and identification in the frequency domain. In this work, first of all, an accu-
rate non-linear dynamic model of the rotor and the helicopter, without using
stability derivatives has been developed; the parameters so introduced are
then identified with a time-domain process. This approach has several ad-
vantages: the identification should not be repeated for every flight condition,
the pilot feedback during experiments does not degrade information about
the plant and correlation among inputs (for helicopters, every longitudinal
maneuver excites lateral and yawing dynamics, and so on) does not bias re-
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sults. In this way the first-principle approach and the identification approach
have been used in a complementary way: first-principles modeling provides
the basic understanding of the physic phenomena involved, introducing pa-
rameters that cannot be measured directly but that system identification is
able to determine using experimental evidence.
In Chapter 1, a generic description of the helicopter is provided. In particular,
the measure of angles and lengths useful for forthcoming analysis are collected
and there is a detailed description of the on-board auxiliary instrumentation
installed and how flight parameters are recorded and analyzed. In Chapter
2, the identification approach is introduced. Specifically, the time-domain
identification process, used in this thesis, is deeply described, with particular
attention to the mathematical perspective behind the algorithm. In Chapter
3, the fundamental steps followed for the helicopter modeling are presented:
starting from rigid body assumption and basic physical knowledge, the dif-
ferential equations for helicopter dynamics and blade and stabilizer bar sim-
ulation have been obtained. Particular attention is given to the simplifying
hypothesis, with discussions and observations. For the detailed mathemat-
ical part of every model, refer to the corresponding Appendix section. In
Chapter 4, the Simulink model is presented, with the general description
of every noteworthy block. Finally, in Chapter 5 the results are presented,
with the relative discussion. In Appendix A, the system of equations of the
kinematic model is explained step by step. A presentation of results follows.
In Appendix B and C, there is the derivation of the blade and stabilizer bar
flapping equations with the first principles approach, starting from Newton-
Euler’s equations. In Appendix D and E, the algorithm used to compute the
thrust and the inflow ratio in the Simulink model for every step of integra-
tion for main rotor and tail rotor are presented. Finally, in Appendix F, the
solution of the trim problem is reported for a reasonable range of µ.
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Figure 1.1: Aerobatic helicopter T-REX 500.
1.1 Introduction
1.2 Description of the T-REX 500 helicopter
1.2.1 General characteristics
For this identification process, the T-REX 500 aerobatic helicopter (Fig-
ure 1.1) has been used. The T-REX 500 is a small rotorcraft (Figure 1.2)
popular among hobby pilots for aerobatics: it is highly maneuverable, able
to inverted flight, so it is better suited for studies on guidance algorithms and
high-frequency dynamics. In Table 1.1 the main inertial and aero-mechanical
characteristics of the helicopter are reported. The mass and the moments of
inertia have been measured with high accuracy with pendulum experiments
[1] and verified with the CAD model available. The lengths were measured
with a digital caliper; gear ratios and motor performances were taken from
the manual [7].
The main characteristic is the rigid hingeless rotor head (Figure 1.3)
with carbon fiber blades. The flapping motion is allowed only by the blade
elasticity and by the damper rubber O-ring of the feathering shaft: the first
one gives only a small contribution, because of the high rigidity of composite
material. This allows for larger control moments of inertia forces, resulting
in high angular accelerations compared with same-size helicopter with the
classic three-hinge arrangement of the rotor head (Figure 1.5). In Figure 1.4
the useful dimensions of the main rotor are shown: the hinge offset e has
been considered as the distance between the main rotor axis and the center
of the damper rubber.
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Table 1.1: Parameters of instrumented T-REX 500 helicopter.
Parameter Description
m = 2.14 kg Helicopter mass
Ixx =0.02 kg m
2 Helicopter rolling moment of inertia
Iyy = 0.065 kg m
2 Helicopter pitching moment of inertia
Izz =0.066 kg m
2 Helicopter yawing moment of inertia
Ixy =−0.0007 kg m2 Helicopter centrifugal moment of inertia - XY
Ixz =−0.0009 kg m2 Helicopter centrifugal moment of inertia - XZ
Iyz ≈0 kg m2 Helicopter centrifugal moment of inertia - YZ
mbl = 0.2 kg Blade mass
B =0.01 kg m2 Main rotor blade flapping inertia
Bfb =7.8× 10−4 kg m2 Main rotor blade flapping inertia
Ω =240.7 rad s−1 Main rotor speed
Ωtr =1126.5 rad s
−1 Tail rotor speed
R =0.485 m Main rotor radius
Rfb =0.235 m Fly-bar rotor radius
Rtr =0.105 m Tail rotor radius
c =0.0423 m Main rotor chord
cfb =0.039 m Fly-bar rotor chord
ctr =0.017 m Tail rotor chord
e = 0.04 Nondimensional main rotor offset
efb = 0.7 Nondimensional flybar rotor offset
xg =0.194 m Blade CoG position
s = 0.056 Main rotor solidity
ntr = 4.68 Gear ratio of tail rotor to main rotor
nes = 12.46 Gear ratio of engine shaft to main rotor
P ideng =0 W Engine idle power
Pmaxeng =1890 W Engine max power
htr = 0.0505 Tail rotor distance in z direction from CoG
ltr = 1.2 Tail rotor distance in x direction from CoG
tmaxc = 0.076 Maximum thrust coefficient
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Figure 1.2: T-REX 500 overall dimensions (from [7]).
Figure 1.3: Rotor head mechanization for the T-REX 500, X-Cell and R-50
helicopters (from [19]).
Figure 1.4: Overall dimensions of main rotor blade.
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Figure 1.5: Typical hinge arrangement (from [2]).
The rotorcraft is equipped with a stabilizer bar (also known as Bell-Hiller
bar or, more commonly among hobbyists, as flybar) and an Active Helicopter
Tail Control System (AHTCS). The stabilizer bar is a secondary rotor con-
sisting in two paddles connected to the main rotor shaft by an unrestrained
teetering hinge (Figure 1.6). It receives only cyclic input from the swash-
plate, and its flapping motion influences the main rotor blades pitch via the
Bell-Hiller mixer bar. The stabilizer bar is used to generate a control augmen-
tation to the main rotor cyclic input and realizes a "mechanical feedback" in
angular rates p and q. The Active Helicopter Tail Control System is made
of a single-axis gyro (Silicon Micro Machines sensor) that senses the yaw
angular rate r and a micro-processor: it assists the pilot to compensate any
drift caused by wind direction and force, as well as unintended yaw induced
by helicopter itself during maneuvers. The tail rotor (Figure 1.7) generates a
thrust to counter the main rotor torque. Its tip speed is nearly equal to that
of the main rotor. Note that, for the successive aerodynamic analysis, all
blades airfoils can be assimilated to NACA 0012. In Table 1.2, a comparison
between main characteristics of T-REX 500, X-CELL 60 and R-50, used for
similar studies, is reported.
1.2.2 On-board instrumentation
The T-REX 500 is provided with on-board instrumentation able to record
high-quality flight data (Figures 1.8 and 1.9).
The centerpiece of the electronic module is the DSP (Digital Signal Pro-
cessor) board. In Figure 1.10 the signal flowchart is shown: after the analog-
to-digital converter, the signal originated from the pilot transmitter is pro-
cessed in the control laws section, whose outputs, after the digital-to-analog
conversion, become the servo-motors inputs. All helicopter sensors and ac-
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Figure 1.6: Overall dimensions of stabilizer bar.
Figure 1.7: Overall dimensions of tail rotor blade.
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Table 1.2: Comparison between main characteristics of T-REX 500, X-
CELL 60 and Yamaha R-50 [19].
Characteristic T-REX 500 R-50 X-Cell 60
Rotor speed 2300 rpm 850 rpm 1650 rpm
Tip speed 117 m/s 137 m/s 131 m/s
Dry weight 1.4 Kg 44 Kg 4.5 Kg
Instrumented 2.4 Kg 68 Kg 7.7 Kg
Engine Brushless motor 2-stroke, water cooled 2-stroke, air cooled
Type of payload None Video cameras None
Flight autonomy 10 minutes 30 minutes 12 minutes
Figure 1.8: Aerobatic helicopter T-REX 500 (from CAD model): on-board
instrumentation is highlighted.
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Figure 1.9: Aerobatic helicopter T-REX 500 (from CAD model): on-board
instrumentation is highlighted.
tuators connect to the main processor board via the I/O serial port board.
In Figures 1.11 and 1.12 a detailed description of the input and output chan-
nels used for connection between the I/O board and sensors and actuators
is given. The processor board is also provided with a X-BEE module, able
to transmit real-time data to the ground control station during flight, and a
SD memory card, for data storage. In Table 1.4 the allocation of parameters
on the SD card is shown.
Figure 1.10: Signal path from receiver to servo-motors.
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Figure 1.11: DSP main architectures.
Figure 1.12: Helicopter motors and servos and DSP channels used.
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Table 1.3: Description of main symbols used in DSP card scheme.
Parameter Description
Tx Transmitter
Rx Receiver
Tdx Right stick
Tsx Left stick
Lx1 Vertical motion right stick
Ly1 Horizontal motion right stick
Lx2 Vertical motion left stick
Ly2 Horizontal motion left stick
SA Aileron servo
SP Pitch servo
SE Elevator servo
ST Tail servo
VM Motor regulator
CHAPTER 1. STATE OF THE ART AND BACKGROUND 11
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The sensors installed are:
• a MEMS-based Inertial Measurement Unit (IMU) integrating three gy-
roscopes, three accelerometers and three magnetometers, which pro-
vides measurements of angular rates p, q, r, accelerations ax, ay, az and
magnetic heading;
• a 4 Hz, 50 channels GPS receiver;
• a barometric pressure sensor for altitude (accuracy ±50 Pa) and a tem-
perature sensor;
• a resolver mounted on the main shaft;
• a Silicon Micro Machines (SMM) sensor, for the AHTCS;
• a rotor speed governor.
The IMU (Figures 1.13 and 1.14) is mounted on the side of helicopter on a
rubber suspension, to reduce the level of vibrations on sensors, ensuring their
rapid attenuation. Accelerometer measurements ax−SBG, ay−SBG and az−SBG
are different from the center of gravity accelerations in body axes u˙, v˙ and w˙
due to the IMU offset from the rotorcraft center of gravity (Figure 1.15).
Figure 1.13: SBG’s Inertial Measurement Unit (IMU) assembled on T-REX
500.
Knowing the components of the IMU position vector respect to the heli-
copter body axes origin (Table 1.5), the accelerations measured by the equip-
ment are, in general:
aIMU = aCoG + ω˙ ×RIMU + ω × ω ×RIMU , (1.1)
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Figure 1.14: SBG’s IMU schematic architecture.
where ω is the vector of angular rates of the sensor and RIMU is the vector
representing IMU offset from CoG, in body axes. Note that the term ω˙ ×
RIMU is particularly important during maneuvers (Figure 1.16).
In this case:
ax−IMU = u˙+ q˙zacc − r˙yacc + q(yaccp− xaccq)+
−r(−zaccp+ xaccr) + g sin θ
(1.2)
ay−IMU = v˙ − p˙zacc + r˙xacc − p(yaccp− xaccq)+
+r(zaccq − yaccr)− g cos θ sinφ
(1.3)
az−IMU = w˙ − q˙xacc + p˙yacc − q(−yaccr + zaccq)+
+p(−zaccp+ xaccr)− g cos θ cosφ
(1.4)
From these relations, it is possible going back to the accelerations respect
to helicopter body axes u˙, v˙ and w˙. A Kalman filter running at 100 Hz is
used to integrate the measurements from IMU, GPS and compass to pro-
duce accurate estimates of helicopter position, velocity and attitude.
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Table 1.5: Coordinates of position of IMU reference system with respect to
helicopter body axes.
Parameter Value
xacc 85 mm
yacc 58 mm
zacc −47 mm
Figure 1.15: Comparison between center of gravity accelerations aCoG and
accelerations measured by IMU aIMU .
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Figure 1.16: Contribute of tangential and centripetal accelerations: as it
can be seen, the first ones have greater importance during
maneuvers.
1.2.3 Servo-motors
The helicopter is provided with three identical servo-motors (usually called
SA, SP and SE) to move the swashplate through levers and a servo-motor
near the tail for implementing the tail blade collective pitch. In anticipation
of developing a model that links the servos analog inputs with blade pitch,
the identification of the servo-motors has been conducted. For values of
the command input signal within the range, transmitted from the processor
board to a PC, the rotation of the servo horn has been measured with a
digital clinometer for each equipment. The results are shown in Figures 1.17,
1.18 and 1.19: the gearing between analog signal and rotation angles of servo
horn is close to being linear. For the tail servo, it was no possible to carry
out the same test, so a linear relationship between input and rotation has
been supposed (Figure 1.20), with negligible error expected.
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Figure 1.17: Results of identification of servo SA Futaba HS-82MG (from
[31]).
Figure 1.18: Results of identification of servo SP Futaba HS-82MG (from
[31]).
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Figure 1.19: Results of identification of servo SE Futaba HS-82MG (from
[31]).
Figure 1.20: Supposed identification of tail servo ST Align DS520.
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In the first part of this chapter, the basic principles of time-domain system
identification will be introduced, and the main differences between time-
domain and frequency-domain techniques will be discussed, with particular
reference to rotorcraft identification. In the second part, we briefly describe
the identification algorithm used for the T-REX. Finally, in the last part there
is a description of procedures for flight test experiments for identification
process and digital filtering of test data collected.
2.1 Introduction
In general, the purpose of system parameter identification modeling is the
determination of a mathematical description of a plant based on experiments
on the plant itself [19]. System identification is essentially a data fitting pro-
cess. The parameters of a mathematical model appropriate to describe the
main characteristics of a plant are adjusted in order to minimize the error
(in time-domain or frequency-domain) between the responses recorded by
sensors and that predicted by the model, whose inputs are the same of the
real plant. System identification is very important in aeronautical field: it
is a valuable method to find complex aerodynamic derivatives or parame-
18
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ters difficult to measure directly, providing so linear models of aircrafts or
helicopters useful for control design optimization. Examples of successful
usage of stability derivatives identification are tilt-rotor aircraft XV-15 [26],
BO-105 [27], UH-60 [10], SH-2G [26] and Yamaha R-50 [19]. Helicopter iden-
tification, in particular, is a interesting challenge: high level of vibrations,
aerodynamic and structural asymmetry and cross-coupling effects between
the longitudinal and the lateral plane introduce a lot of difficulties. Identi-
fication processes can be classified in time-domain and in frequency-domain
methods. The frequency-domain identification process consists of a first part,
in which data are recorded and frequency responses are estimated numeri-
cally, and a second part, in which parameters are identified by reducing error
between estimated frequency response and that computed by the dynamic
model. The time-domain identification process, used for our T-REX 500 ,
does not request to compute the frequency response from collected data, and
the error is calculated between time responses (for instance, of angular rates
or accelerations). In Figure 2.2, the flowchart of this algorithm is reported.
The time-domain methods have several advantages:
• The identification process should not be repeated for each flight condi-
tion: in frequency-domain methods, to every flight condition (hovering,
forward flight, . . . ) corresponds a frequency response to optimize; in
time-domain process, this is not necessary: the optimization is con-
ducted for a sample of "continuous" flight condition;
• The pilot "feedback" during experiments does not degrade information
about the plant: in frequency-domain methods, feedback can mask the
open-loop plant for frequencies below the crossover frequency, and so it
has to be minimized. Ideally, the pilot should let the rotorcraft exhibit
its dynamics: this is a serious problem for inherent unstable plants that
have an aptitude for going out of control, as helicopters.
• Correlation among inputs does not bias results: for frequency-domain
processes, it is necessary to let the helicopter respond freely as much
as possible to reduce the correlation between longitudinal and lateral
inputs, for example. But for the pilot this is not a trivial request . . .
Nevertheless, there are some drawbacks:
• With frequency response, it is possible to specify the frequency range
of interest for each input-output pair: in doing so, parameters can be
divided in frequency-categories and identification is improved. This
allows not to consider high-frequency range, dominated by vibrations
and structural mode of no interest;
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• Noise uncorrelated with control input can be easily separated from data
and it does not bias identification results;
• Generally, the formulation of the cost function in the frequency domain
requires fewer data points than in time domain.
2.2 Flight test procedures
Good quality flight test data is essential for a successful identification. During
flight tests, the following characteristics have to be considered [19]:
• On-board high-accuracy instrumentation;
• Absence of external perturbation: for instance in helicopter flight tests,
wind effects are deleterious and can significantly degrade the quality of
identification (simulation model disregards the wind effects);
• Sufficient excitation throughout frequency range off interest: in our
contest, helicopter dynamics have to be excited through cyclic pitch
command A1 and B1 from low frequencies (representative for steady-
state behavior identification) to high frequencies (important for identi-
fication of cross-coupled effects and stabilizer bar effects);
• Record length and sampling rate: the length of flight test determines
the low frequency component that can be theoretically recorded. It is
usually recommended a flight test length at least twice that determined
by the lowest frequency of interest. The sampling rate, instead, limits
the high-frequency component recordable;
• Linear dynamics: the pilot has to be able to excite only the linear
dynamics of the helicopter (the only predictable with simple mathe-
matical models) using only small magnitude control inputs; aerobatic
helicopter can tolerate strong control inputs, but this doesn’t add useful
information for identification process.
For the T-REX 500, experiments were conducted in open-loop, except for
the integrated tail control system and the stabilizer bar. The control inputs
used for flight test were longitudinal cyclic δlon, lateral cyclic δlat, collective
command δcoll and tail rotor pitch δtr. The parameters recorded useful for
identification were:
• Analog servo-motor signals sa, sp, se and st;
CHAPTER 2. TIME-DOMAIN SYSTEM IDENTIFICATION 21
• Euler’s angles φ, θ and ψ;
• Angular body rates p, q and r;
• Body accelerations ax, ay and az;
• Body velocities u, v and w;
The variables are recorded and sampled at 100 Hz, so the high frequency limit
is ωmax ≈ 31 rad/sec. To remove effects of structural and engine vibrations
and gear wheels noise (fnoise ≈ 33 Hz), data was filtered with a fourth order
low-pass Butterworth filter with normalized cutoff frequency ωn = 0.05 (fco ≈
3 Hz), with the following transfer function ([8], [9]):
H(z) =
0.3124 + 1.2496z−1 + 1.8743z−2 + 1.2496z−3 + 0.3124z−4
1− 3.59z−1 + 4.85z−2 − 2.924z−3 + 0.663z−4 · 10
−4 (2.1)
In Figure 2.1 the frequency response of this filter is reported. In Figures 2.3,
2.4, 2.5, 2.6 and 2.7 an example of sample of data collected during test flight is
reported: note that accelerations and angular body rates are already filtered.
In Figure 2.8 the difference between raw data and filtered data is shown:
high frequency component caused by non-linear dynamics and vibrations is
erased. During the flight, the pilot maintained the helicopter at low altitude
(to avoid high-speed winds outside the planetary boundary layer) firstly in
hover condition, then in forward flight at quasi-constant speed (the only
criteria during test flight was pilot sight and sensibility). The helicopter was
also excited through δlon and δlat to oscillate at various frequencies in the
longitudinal and lateral plane. Due to inherent instability of the helicopter,
during the open-loop flight the "feedback" control was provided by the pilot,
in order to prevent the helicopter going out of control.
2.3 Identification algorithm
To solve the identification problem, the MATLAB function lsqnonlin has
been used. In Listing 2.1, an extract from the MATLAB code used in the
identification process is reported: the function to minimize is the LocalCost-
Fun, whose output is the sum of differences between angular body rates
and body acceleration (correctly weighted) recorded during test flight and
that predicted by the mathematical model, respectively. In general, func-
tion lsqnonlin solves non-linear least-squares problems, including non-linear
data-fitting problems of the form:
min
x
||f(x)||22 = min
x
(f1(x)
2 + f2(x)
2 + · · ·+ fn(x)2) (2.2)
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Figure 2.1: Frequency response of four-order low-pass Butterworth digital
filter.
Figure 2.2: Flowchart of the time-domain identification process.
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Figure 2.3: Sample of servo commands records collected during test flight.
Figure 2.4: Sample of accelerations records collected during test flight, after
digital filtering.
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Figure 2.5: Sample of velocities records collected during test flight.
Figure 2.6: Sample of angular rates records collected during test flight, after
digital filtering.
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Figure 2.7: Sample of Euler angles records collected during test flight.
Figure 2.8: Angular rates sensed by IMU during test flights (black lines)
and filtered (red lines).
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1 Parameters0 (1)=K_beta;
Parameters0 (2)=a;
3 ...
...
5
% Bounds
7
LB=[ lb1 lb2 ... ];
9 UB=[ ub1 ub2 ... ];
11 % Options
13 options = optimset(’MaxFunEvals ’ ,1000,’MaxIter ’ ,100,’
PlotFcns ’,...
{ @optimplotfunccount @optimplotfval @optimplotresnorm
...
15 @optimplotstepsize });
17 % Identification Process
19 [Parameters ,resnorm ,residual ,exitflag ,output ,lambda ,
jacobian ]=...
lsqnonlin(@LocalCostFun ,Parameters0 ,LB,UB,options);
Listing 2.1: Extract from the MATLAB identification script.
By default, lsqnonlin chooses the trust-region-reflective algorithm. This
algorithm is a subspace trust-region method and is based on the interior-
reflective Newton method. Each iteration involves the approximate solution
of a large linear system using the method of preconditioned conjugate gradi-
ents (PCG).
To understand the trust-region approach to optimization, consider the un-
constrained minimization problem:
min
x
f(x) (2.3)
Suppose you are at a point x0 in n-space and you want to move to a point
with a lower function value. The basic idea is to approximate f with a
simpler function q, which reasonably reflects the behavior of function f in a
neighborhood N around the point x0. The neighborhood is the trust region.
A trial step s is computed by minimizing over N . The trust-region sub-
problem is:
min
s
f(q(s), s ∈ N) (2.4)
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The current point is so updated to be x + s if f(x + s) < f(x); otherwise,
the current point remains unchanged and N is shrunk and the trial step
computation is repeated. The key questions in defining a specific trust-
region approach to minimizing f(x) are how to choose and compute the
approximation q, how to choose and modify the trust region N and how
accurately to solve the trust region sub-problem. In the standard trust-region
method, the quadratic approximation q is defined by the first two terms of
the Taylor approximation to f at x0; the neighborhood is usually spherical
or ellipsoidal in shape. Mathematically, the trust-region sub-problem is:
min
(
1
2
sTHs+ sTg such that ||Ds|| ≤ ∆
)
, (2.5)
where g is the gradient of f at the current point x0, H is the Hessian matrix,
D is the diagonal scaling matrix and ∆ is a positive scalar. Good algorithms
exist for solving equation 2.5, that typically involves the computation of a full
eigensystem: this increases the computational time and resources required.
Several approximated strategies have been already developed, such as the re-
striction of the sub-problem to a two-dimensional space S, as in the lsqnonlin
algorithm. This entire process can now be summarized in four steps:
• Formulate the trust-region sub-problem;
• Solve equation 2.5 to determine the trial step s;
• If f(x+ s) < f(x), then x = x+ s;
• Adjust ∆.
These steps are repeated until convergence.
An important special case for f(x) is the non-linear least-squares problem:
min
x
||f(x)||22 (2.6)
The basic method used to solve this problem is the same as in general case
described above, but this special structure is exploited to enhance efficiency:
for example, an approximate Gauss-Newton direction can be used to define
the two-dimensional subspace S more quickly.
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In this chapter, the mathematical model for the aerobatic helicopter T-
REX 500 will be developed. In the first part, there is a description of the
equations of motion for a rigid body, and observations about applicability in
aeronautical field will be made. Then, the necessary equations for the simu-
lation of main rotor and tail rotor command chain and servo-motors identi-
fication will be dealt with. Later, we explain the dynamic models developed
for blade and flybar flapping simulation, with discussion of the assumptions.
Finally, all information is collected in the rotor-fuselage coupling section.
3.1 Rigid body equations of motion
The rigid body motion equations are used extensively in aeronautical field.
For fixed-wing aircraft, the assumption of rigid structure is reasonable: linear
stability derivatives allow an extensive study on aircraft stability and control,
and aero-elastic phenomena are of secondary importance. For helicopters, in-
stead, the coupling rotor-structural modes is important for handling qualities
and high-bandwidth flight control design, so this assumption can be accepted
only for primary analysis. However, it will be demonstrated that this simple
set of equations is sufficient for linear dynamics simulation of this model-scale
helicopter. In the following, the rigid body set of equations will be developed.
The first and second Newton-Euler’s equations are, generally:
F =
dQ
dt
(3.1)
K˙O = MO + ΨO − vO ×Q (3.2)
where:
KO = Kω +m OG× vO (3.3)
In this case, assuming that the pole O is coincident with the helicopter center
of gravity G, equation 3.3 becomes:
Kω = I ·Ω =
 Ixx −Ixy −Ixz−Ixy Iyy −Iyz
−Ixz −Iyz Izz
pq
r
 =
 Ixxp− Ixyq − Ixzr−Ixyp+ Iyyq − Iyzr
−Ixzp− Iyzq + Izzr
 (3.4)
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where I is the helicopter matrix of inertia and:
Ixx =
∫∫∫
B
ρ · (y2 + z2) dx dy dz (3.5)
Iyy =
∫∫∫
B
ρ · (x2 + z2) dx dy dz (3.6)
Izz =
∫∫∫
B
ρ · (x2 + y2) dx dy dz (3.7)
Iyz =
∫∫∫
B
ρ · y · z dx dy dz (3.8)
Ixz =
∫∫∫
B
ρ · x · z dx dy dz (3.9)
Ixy =
∫∫∫
B
ρ · x · y dx dy dz (3.10)
are the helicopter moments of inertia. The centrifugal moment Iyz is ap-
proximately zero (the plane x-z is approximately a plane of symmetry), as
verified with the helicopter CAD model.
Using equations 3.4, and supposing Iyz ≈ 0, the second Euler’s equation 3.2
becomes:
K˙G =
 Ixxp˙− Ixy q˙ − Ixz r˙ + q(Cr − Ep)− r(Bq − Fp)Iyy q˙ − Ixyp˙+ r(Ixxp− Ixyq − Ixzr)− p(Izzr − Ixzp)
Izz r˙ − Ixzp˙+ p(Iyyq − Ixyp)− q(Ixxp− Ixyq − Ixzr)
 = MO (3.11)
where MO is the moment with pole in O of the aerodynamic forces. The
velocity of helicopter centroid G is:
vG = u iB + v jB + w kB (3.12)
So, the translational momentum Q is:
F = Q˙ = mv˙G = m
u˙+ qw − vrv˙ + ur − pw
w˙ + pv − uq
 (3.13)
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Writing equations 3.11 and 3.13 in extended version, we obtain the following
set of equations for helicopter dynamics:
X = m(u˙+ qw − vr) (3.14a)
Y = m(v˙ + ur − pw) (3.14b)
Z = m(w˙ + pv − uq) (3.14c)
Ixxp˙+ Ixy(pr − q˙)− Ixz(r˙ + pq)− qr(Iyy − Izz) = L (3.14d)
Iyy q˙ − Ixy(p˙+ qr)− (Izz − Ixx)pr + Ixz(p2 − r2) = M (3.14e)
Izz r˙ − (Ixx − Iyy)pq + Ixy(q2 − p2) + Ixz(qr − p˙) = N (3.14f)
where X, Y and Z are the resultant according the x-axis, y-axis and z-axis,
respectively, of aerodynamic and gravitational forces and L,M and N are the
moments of aerodynamic forces, with centroid as pole (Figure 3.2). Later,
these forces and moments will be analyzed in deeper detail.
Figure 3.1: Helicopter with its body-fixed reference frame: origin is at the
helicopter center of gravity. The principal variables are shown
on the x,y and z axis: body velocities u, v and w; Euler angles
φ, θ and ψ; the body angular rates p, q and r. The main rotor
is represented as a disk that can tilt about the rotor hub in the
longitudinal and lateral directions.
3.2 Main-rotor command chain kinematic model
In this section, a mathematical model for the main rotor command chain will
be developed. The input of our model is the analog signal of the three servo-
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Figure 3.2: Forces and moments acting on the helicopter. The components
of the resultant forces and moments acting at the helicopter
center of gravity are shown asX, Y, Z and L,M,N , respectively.
Also shown are the main forces and moments that contribute
to helicopter dynamics.
motors, recorded in the memory card, and the outputs will be blade pitch and
stabilizer bar pitch, as a function of ψ. In this way, no additional parameters
will be added to the overall model. In previous works ([12], [13], [18], [19]) a
different approach was used. Suppose the stabilizer bar superimpose a cyclic
command due to the stabilizer bar flapping to the cyclic coming from the
swashplate, as follows:
¯δlat = δlat +Kaa
fb
1 (3.15)
¯δlong = δlong +Kbb
fb
1 (3.16)
where Ka and Kb are the stabilizer bar gearing, functions of the geometry
of the bell mixer. So the overall contribute to the tip-path plane dynamics
becomes, respectively:
Blat(δlat +Kaa
fb
1 ) +Blongδlong (3.17)
Alat(δlat +Kbb
fb
1 ) + Alongδlong , (3.18)
where Alat, Along, Blat and Blong are the input derivatives. In this way, the
kinematic analysis is avoided, but six additional parameters to identify are
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introduced, and this could make the time-domain identification process more
difficult to converge. In the frequency-domain, this problem is partially
avoided: specifying the frequency range to be analyzed, some parameters
can be put aside. In the Appendix A, the mathematical model is explained
step by step. As for every analytic model, the fundamental hypotheses on
which this theory bases on have to be point out: assumptions determine the
validity of the model itself.
• Rods, control arms, swashplate and holders can be considered rigid
bodies: only in quick and abrupt maneuvers, the longer rods can bend,
but this effect can be considered negligible;
• No backlash is considered. This is a strong hypothesis: mechanical
backlash plays a key role in the kinematics of an hand-assembled ma-
chine, but no simple model can be used to successfully represent this
phenomena.
Note that no small angle assumption is introduced, to better represent the
dynamics also at the blade maximum angle of attack (about 12 degrees).
From Figure 3.4 to Figure 3.9, the simplified schemes of the main rotor com-
mand chain are shown, divided in sub-assemblies for the sake of simplicity.
In Table 3.1, the description of the symbolism is reported.
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Figure 3.3: Main rotor command chain without blades (from [7]).
Figure 3.4: Schematic view of the first part of main rotor command chain
arrangement (from servo SP to swashplate), with rods’ lengths
and angles used in the mathematical model shown.
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Table 3.1: Main rotor mechanization parameters used in the mathematical
model (reference system, lengths and angles are shown in the
following figures).
Parameter Description
x0A x-coordinate of the shaft of servo SA
y0A y-coordinate of the shaft of servo SA
z0A z-coordinate of the shaft of servo SA
x0P x-coordinate of the shaft of servo SP
y0P y-coordinate of the shaft of servo SP
z0P z-coordinate of the shaft of servo SP
x0E x-coordinate of the shaft of servo SE
z0E z-coordinate of the shaft of servo SE
θ0A Servo horn angle in down position for servo SA
θ0P Servo horn angle in down position for servo SP
θ0E Servo horn angle in down position for servo SE
l1 Length of rod l1
l2−A Length of rod l2−A
l2−P Length of rod l2−P
l4 Length of rod l4
l5 Length of rod l5
RA Radius of linkage ball A
RP Radius of linkage ball P
RE Radius of linkage ball E
a Length of control arm a
b Length of control arm b
l7 Length of rod l7
l9 Length of rod l9
Rsw Radius of linkage ball SW
Rj Radius of linkage ball FB
c Length of control arm c
d Length of control arm d
l10 Length of rod l10
l11−A Length of rod l11−A
l11−P Length of rod l11−P
z¯08 Geometrical z-coordinate of point O8
y¯08 Geometrical y-coordinate of point O8
l13 Length of rod l13
l14 Length of rod l14
z02 z-coordinate of point O2
x′0 x-coordinate of point O
zax z-coordinate of point Oax
x¯g x-coordinate of point G
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Figure 3.5: Schematic view of the first part of main rotor command chain
arrangement (from servo SA to swashplate), with rods’ lengths
and angles used in the mathematical model shown.
Figure 3.6: Schematic view of the first part of main rotor command chain
arrangement (from servo SE to swashplate), with rods’ lengths
and angles used in the mathematical model shown.
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Figure 3.7: Schematic view of the last part of main rotor command chain ar-
rangement (from swashplate to blade pitch), with rods’ lengths
and angles used in the mathematical model shown.
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Figure 3.8: Schematic view of the first flybar command chain analyzed
(from swashplate to paddles’ pitch), with rods’ lengths and an-
gles used in the mathematical model shown.
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Figure 3.9: Schematic view of the second flybar command chain analyzed
(from swashplate to paddles’ pitch), with rods lengths and an-
gles used in the mathematical model shown.
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The system of equations so obtained is reported as follows:
x0E + l4 sin(θE + θ0E)− l5 sin θ5 = RE
√
1
1 + (a
c
)2
(3.19a)
z0E − l4 cos(θE + θ0E) + l5 cos θ5 = −a
c
RE
√
1
1 + (a
c
)2
− d
c
(3.19b)
x0P + l1 sin(θP + θ0P ) + l2 cos θ2y sin θ2x = −RP
2
√
1
1 + (a
c
)2
(3.19c)
y0P + l2 sin θ2y =
√
3RP
2
√
1
1 + ( b
c
)2
(3.19d)
z0P − l1 cos(θP + θ0P ) + l2 cos θ2y cos θ2x = a
c
RP
2
√
1
1 + (a
c
)2
+
−b
c
√
3RP
2
√
1
1 + ( b
c
)2
− d
c
(3.19e)
x0A + l1 sin(θA + θ0A) + l2 cos θ
∗
2y sin θ
∗
2x = −
RA
2
√
1
1 + (a
c
)2
(3.19f)
y0A − l2 sin θ∗2y = −
√
3RA
2
√
1
1 + ( b
c
)2
(3.19g)
z0A − l1 cos(θA + θ0A) + l2 cos θ∗2y cos θ∗2x =
a
c
RA
2
√
1
1 + (a
c
)2
+
+
b
c
√
3RA
2
√
1
1 + ( b
c
)2
− d
c
(3.19h)
l10 cos θBL + l9 sin θ9 = y08 + b cos θBL (3.19i)
zAX − l10 sin θBL − l9 cos θ9 = z08 − b sin θBL (3.19j)
y08 − a cos θ8 = ySW + l7 cos θ7x sin θ7y (3.19k)
z08 + a sin θ8 = zSW + l7 cos θ7x cos θ7y (3.19l)
x¯G = xSW − l7 sin θ7x (3.19m)
xFB + l11A sin θ11 = xO′ − d cos θ12 (3.19n)
zFB + l11A cos θ11 = zO′ − d sin θ12 (3.19o)
xO′ + c cos θ12 − l13 sin θ13 = l14 cos θ14 (3.19p)
zO′ + c sin θ12 + l13 cos θ13 = l14 sin θ14 + zO2 (3.19q)
xFB′ − l11B sin θ∗11 = x∗O′ + d cos θ∗12 (3.19r)
zFB′ + l11B cos θ
∗
11 = z
∗
O′ − d sin θ∗12 (3.19s)
x∗O′ − c cos θ∗12 + l13 sin θ∗13 = −l14 cos θ14 (3.19t)
z∗O′ + c sin θ
∗
12 + l13 cos θ
∗
13 = −l14 sin θ14 + zO2 (3.19u)
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The 3.19 is a non-linear system of 21 equations in 21 unknowns, to be
solved with Newton-Raphson iterative algorithm. Rods and control arms
lengths were measured with a digital caliper, whereas angles were mea-
sured with a digital clinometer. The inputs of this model, implemented
in MATLAB and Simulink, are the stabilizer bar flapping angle βfb and the
analog signal of the three servo-motors; the only outputs useful to simulate
blade and flybar dynamics are the blade pitch θbl and the flybar paddles pitch
θfb: the others unknowns will not be taken into account from now on.
3.3 Tail-rotor command chain kinematic model
As in the previous section, for the tail kinematics a set of rigid-body equations
were written. In this case, only three non-linear equations in three unknowns
are necessary. In fact, the tail rotor is provided only with collective pitch,
and the command chain without swashplate is much more simple. In the
following, the system of equation is reported. The only noteworthy unknown
is θtr.
zOT + l3T + l4T sin θ3T − l8T sin θTR + l7T cos θ7T + l6T = 0 (3.20a)
−l4T + l3T sin θ3T + 18.3− l1T [sin θTR−0 + sin(θTR − θTR−0)] = 0 (3.20b)
l5T − l8T cos θTR − l7T sin θ7T = 0 (3.20c)
3.4 Servo-motor actuator identification
Actuators are used to move the swashplate, to implement collective and
cyclic control inputs for the main rotor and the flybar, and the tail control
arm, to implement collective pitch for tail rotor. To allow for an accurate
identification of the vehicle, the dynamics of the swashplate actuators have
to be accounted for. The rotor dynamics is very fast, so these contributes
may be important.
The swashplate is moved by three identical actuators. The actuator of the
tail rotor is a different model of the same supplier. Instead of calculating the
frequency response of each actuator, applying a frequency sweep as input,
the dynamic was evaluated referring to the servo specifications reported in
the manual compiled by the supplier. Knowing that the mean settling time
ts is 0.14 sec for the main rotor servos and 0.25 sec for the tail rotor servos,
and that the gain response can be approximated with a first-order transfer
function, the following characteristic eigenvalues were obtained:
p = 4/0.25 = 16 rad/sec (3.21)
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ptr = 4/0.14 ≈ 29 rad/sec (3.22)
The related transfer functions are, respectively:
Ha(s) =
16
s+ 16
(3.23)
Ha−t(s) =
29
s+ 29
(3.24)
In Figure 3.10 and 3.11 the Bode plots of the approximated transfer functions
used to simulate swashplate actuators and tail actuator, respectively, are
shown. In Figure 3.12, the step response is shown.
Figure 3.10: Bode plot for the first-order transfer function used to simulate
swashplate actuators dynamics.
3.5 Main rotor dynamics
In rotorcraft, control forces and moments are produced by the main rotor
and tail rotor. Usually, in the analysis of dynamics for fixed-wing aircraft,
the control stability derivatives are introduced, such as Lδa , Mδe and Nδr and
so on for aileron, elevator and rudder, respectively. This implies that forces
and moments are instantaneous, and proportional to the control inputs. In
reality, the rotor is a dynamic system that responds both to control inputs
and to helicopter dynamics, so aerodynamic actions are far from instanta-
neous. This coupling between rotor dynamics and helicopter dynamics is a
key characteristic, above all for small vehicles, where high frequency modes
CHAPTER 3. IDENTIFICATION MODELING 43
Figure 3.11: Bode plot for the first-order transfer function used to simulate
tail rotor actuator dynamics.
Figure 3.12: Step response of swashplate actuators.
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are fundamental for a good control system design. In the following, we de-
scribe the derivation of a rotor dynamic model, to be coupled to helicopter
rigid body dynamics. This include two separated model: the blade flapping
model and the stabilizer bar flapping model. Starting from the Newton-
Euler’s equations for the blade and the paddles, in Appendix B differential
equations are derived step by step. Assumptions were made to develop sim-
ple analytic expressions. In the following, the main hypotheses are listed and
discussed:
• Rotor blade is rigid in bending and torsion; it can be considered a
symmetric body (the shape of the airfoils give a negligible contribute
to centrifugal moments of inertia), so its inertia tensor is a diagonal
matrix;
• Command chain and blade elasticity are neglected; this is a weak as-
sumption: rod elasticity is important only in abrupt maneuvers, where
the simple linear aerodynamic model decades too;
• Command chain backlash is neglected: experimentally, it has been
demonstrated that it has great importance; so this is a strong assump-
tion, but no simple model is available;
• Drag coefficient δ and lift coefficient a of airfoil independent of local
blade angle of attack: mean values from tabled data available for NACA
0012 airfoil have been considered;
• Lead-lag motion is negligible: lead-lag dynamics, which is the result
of Coriolis forces induced by flapping motion, produce small forces on
the hub than flapping motion, and they will be ignored. However, the
blade is stiffer in its own plane than in a normal plane;
• Both the flapping angle and the inflow angle were assumed to be small:
that is to say, low ratio T/A and high blade aspect ratio;
• The effects of the helicopter dynamics on the blade flapping were lim-
ited to those due to the angular accelerations p˙ and q˙, the angular rates
p and q, z-axis acceleration w˙ and translation velocities u and v;
• The reversed flow region was ignored, as the compressibility and stall
effects;
• The inflow was assumed to vary according the Glauert theory:
vi = vi0 · (1 +Kivx cosψ) (3.25)
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• Inflow dynamic theory was used according to Pitt-Peters model ([20],
[15]): effects on flapping dynamics are negligible (as explained later)
and computational effort is high, so it will not be considered any more;
• The tip loss factor was assumed to be 1; root-cutout effect is neglected;
This simple theory introduces many parameters and coefficients to be identi-
fied: the most important aspect to note is they have a clear physical meaning.
Detailed rotor equations are not so easy to be used in a simulation software:
actually, the rotor is a set of distinct blades, each one with its forces on it
and so with its dynamics. Generally, the most difficult aspect to predict
is the aerodynamic field in which the blade operates: each blade or paddle
"works" in the wake of the previous one, and this is the reason for noise, high
frequency forces and vibrations in helicopters. However, for the aim of this
thesis, a compromise has to be met: the model shall be enough accurate to
predict main dynamics modes useful to develop a close-loop control system
for autonomous flight, but the computational cost shall be controlled. For an
initial analysis, the effect of inflow dynamics on rotorcraft dynamics has been
evaluated. The inflow dynamics in small-scale helicopters is so fast that the
influence on tip-path plane dynamics is negligible. A simple approximation
of settling time associated with the inflow dynamics can be found in [21].
This approximation is derived by applying momentum theory while assum-
ing that the mass of air being accelerated corresponds to 63.7 % of the air
contained in a sphere of the same diameter of the rotor. For the axial flight,
the result is:
tλ =
0.849
4λiΩ
, (3.26)
where λi is the inflow ratio at the trim condition. For the T-REX 500, we
obtain tλ ' 0.03, that corresponds to a first-order dynamics pole location of:
pλ =
4
tλ
' 132 rad sec−1 (3.27)
This frequency is very high compared with the characteristic frequencies of
blade and stabilizer bar dynamics.
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3.5.1 Blade flapping dynamics
The differential equation of the blade motion, obtained in B, is as follows:
β¨ +
[
Kβ
B
+ Ω2
(
1 +
mblxgeR
B
)]
β = −p˙ sinψ + q˙ cosψ+
−2Ω(q sinψ + p cosψ) ·
(
1 +
mblxgeR
B
)
+
+
mblxg
B
(w˙ − uq + pv) + MA/B · j
(3.28)
Note that [19] if there is no flapping hinge spring Kβ and no hinge offset e,
the flapping natural frequency is exactly Ω: the aerodynamic forces excite
the rotor at its resonance frequency, so the phase lag between forcing and
response is exactly 90 degrees. In the presence of a hinge constraint and/or
a hinge offset, the natural frequency is higher than Ω, so in this case the
response phase shift will be less of 90 degrees. Expanding the aerodynamic
moment, equation 3.28 can be rewritten as:
β¨ +
[
Kβ
B
+ Ω2
(
1 +
mblxgeR
B
)]
β = −p˙ sinψ+
q˙ cosψ − 2Ω(q sinψ + p cosψ) ·
(
1 +
mblxgeR
B
)
+
mblxg
B
(w˙ − uq + pv) + γ
2
Ω2B
{[
1
4
− e
2
+
µ sinψ ·
(
2
3
− e+ 1
2
µ sinψ − eµ sinψ + 1
2
µe2 sinψ
)]
·(θ0 −B1 sinψ − A1 cosψ) +
[
1
3
− e
2
+ µ sinψ·(
1
2
− e+ e
2
2
)]
·λ−
[
1
3
− e
2
+ µ sinψ ·
(
1
2
− e+ e
2
2
)]
·
µβ cosψ −
[
1
4
− 2e
3
+
e2
2
+ µ sinψ ·
(
1
3
− e+ e2
)]
·dβ
dψ
+[
1
4
− e
3
+ µ sinψ ·
(
1
3
− e
2
)]
·[
−
(
p
Ω
cos βw +
q
Ω
sin βw
)
sinψ −
(
p
Ω
sin βw − q
Ω
cos βw
)
cosψ
]
−[
1
4
− e
3
+ µ sinψ ·
(
1
3
− e/2
)]
·λiKiv cosψ
}
(3.29)
CHAPTER 3. IDENTIFICATION MODELING 47
Using the nondimensional derivatives:
β¨ =
d2β
dt2
= Ω2
d2β
dψ2
= Ω2 · β¯ (3.30)
and
β˙ =
dβ
dt
= Ω
dβ
dψ
= Ω · β¯ (3.31)
the equation 3.29 may be rewritten in nondimensional form. The result
becomes:
β¯ +
γ
2
[
1
4
− 2
3
e+
e2
2
+
(
1
3
− e+ e2
)
·µ sinψ
]
β¯+
+
{
1 +
mblxgeR
B
+
Kβ
BΩ2
+
γ
2
[
1
3
− e
2
+
+
(
1
2
− e+ e
2
2
)
·µ cosψ
]}
β = − p˙
Ω2
sinψ+
+
q˙
Ω2
cosψ − 2
(
q
Ω
sinψ +
p
Ω
cosψ
)
·
(
1 +
mblxgeR
B
)
+
+
mblxg
BΩ2
(w˙ − uq + pv) + mblxgg
BΩ2
+
γ
2
{[
1
4
− e
2
+
+µ sinψ ·
(
2
3
− e+ 1
2
µ sinψ − eµ sinψ + 1
2
µe2 sinψ
)]
·
·(θ0 −B1 sinψ − A1 cosψ) +
[
1
3
− e
2
+ µ sinψ·
·
(
1
2
− e+ e
2
2
)]
·λ+ γ
2
(
1
4
− e
3
)
·
[
−
(
p
Ω
cos βw+
+
q
Ω
sin βw
)
sinψ −
(
p
Ω
sin βw − q
Ω
cos βw
)
cosψ
]
+
+
γ
2
µ
(
2
3
− e
)
·
[
−
(
p
Ω
cos βw +
q
Ω
sin βw
)
(1− cos 2ψ)−
(
p
Ω
sin βw − q
Ω
cos βw
)
sin 2ψ
]
+
−
[
1
4
− e
3
+ µ sinψ ·
(
1
3
− e/2
)]
·λiKiv cosψ
}
(3.32)
As shown in the Appendix, flapping motion is a periodic function. Expressing
it as a Fourier series with no harmonics greater than one, equation 3.32 can
be rewritten as a second-order matrix differential equation:
a¨ + Ω D a˙ + Ω2 K a = f , (3.33)
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where a is the blade flapping state matrix , D is the damping matrix, K is
the stiffness matrix and f is the forcing term. In Appendix B matrices are
reported extensively. Neglecting high-frequency flapping modes, 3.33 can be
simplified as:
a˙ = Ω D−1 K a +
1
Ω
D−1 f (3.34)
3.5.2 Stabilizer bar flapping dynamics
The stabilizer bar is a key characteristic of small-scale helicopters. The flybar
is a mean to provide a "mechanical" feedback in pitch rate and roll rate and
an augmented pilot cyclic command. It influences the vehicle dynamics via
the Bell-Hiller mixer bar, a mechanical linkage that affects the blades cyclic
input with a contribute proportional to the flybar flapping angle. In small-
scale helicopters, flybars are common because of the increase of sensitivity to
commands and disturbances with scaling dimensions. The damping in p an
q derives from the gyroscopic moment acting on the rotor: if blades rotates
at speed Ω around its axis and the helicopter has a disturbance, for example,
in positive pitch rate, the rotation axis tends to tilt close to precession axis
(in this case, the positive y-axis), producing a damping couple proportional
to the disturbance and the angular speed Ω. Scaling helicopter dimensions
of a factor N , the speed decreases with
√
N , and so the damping factor does.
For the flybar a similar approach was followed. Starting from the Euler’s
equations, the differential equation was obtained:
β¨fb + Ω
2βfb = p˙ cosψ + q˙ sinψ + 2Ω(q cosψ − p sinψ) + MA/B · j (3.35)
Because of no hinge elastic constraint and no hinge offset is present (flybar
center of gravity coincides with main rotor shaft center) the natural frequency
is always equal to Ω: this is a notable result. The aerodynamic moment is
made of two opposite contributes, i.e. the lift forces applied to paddles.
This is similar to teetering rotors, where the flapping hinge is on the shaft.
Expanding MA (refer to AppendixC for details), we obtain:
β¨fb + Ω
2βfb = p˙ cosψ + q˙ sinψ + 2Ω(q cosψ − p sinψ)+
+
1
2
ρafbcfbΩ
2R4
{(
1− e4fb
2
+ µ2 cos2 ψ · (1− e2fb)
)
·(B1 cosψ − A1 sinψ) + µ2βfb cosψ sinψ(1− e2fb)+
−dβfb
dψ
· 1− e
4
fb
2
− λiKiv sinψ ·
1− e4fb
2
+
−µλ cosψ(1− e2fb) +
(
pw
Ω
cosψ +
qw
Ω
sinψ
)
·
(
1− e4fb
2
)}
(3.36)
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As for the blade, βfb can be written as a Fourier series:
βfb(t) = −afb1 (t) cosψ − bfb1 (t) sinψ (3.37)
Substituting this expression in 3.36, we obtain a second order differential
equation in matrix form:
a¨fb + Ω Dfb ˙afb + Ω
2 Kfb afb = ffb, (3.38)
where afb is the flybar flapping state matrix , Dfb is the damping matrix, Kfb
is the stiffness matrix and ffb is the forcing term. In Appendix C matrices
are reported.
3.6 Rotor torque
The main rotor torque can be calculated as the sum of induced torque due
to the production of thrust and torque due to blades and paddles pressure
drag. The torque coefficient calculated is as follows:
qc =
δ
8
(1 + 4.7µ2)− λDtcD − µhcD +Kivλitc , (3.39)
where δ is the mean main rotor profile drag coefficient (this includes blades
and paddles drag), to be identified. Finally, the rotor torque is:
Q = qcρsAΩ
2R3 (3.40)
3.7 Fuselage forces
When the forward velocity is below the induced velocity, the rotor down-wash
is deflected by the forward velocity. This deflection creates a force opposing
the movement[12]. The drag forces X and Y in this flight regime are:
Xfus =
1
2
ρ v20
u
v0
Sx−fus (3.41)
Yfus =
1
2
ρ v20
v
v0
Sy−fus , (3.42)
where Sx−fus and Sy−fus are the effective drag areas of the fuselage in the X
and Y directions.
When the forward speed is higher than the rotor induced velocity, the fuselage
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drag can be modeled as the drag of a flat plate exposed to dynamic pressure.
In this case the drag can be expressed as:
Xfus =
1
2
ρ U2e
u
Ue
Sx−fus (3.43)
Yfus =
1
2
ρ U2e
v
Ue
Sy−fus , (3.44)
Considering all the equations, the fuselage drag can be expressed as:
Xfus = −1
2
ρ V 2∞
Ua
V∞
Sx−fus (3.45)
Yfus = −1
2
ρ V 2∞
Va
V∞
Sy−fus (3.46)
Zfus = −1
2
ρ V 2∞
Wa + v0
V∞
Sz−fus , (3.47)
where Sx−fus, Sy−fus and Sz−fus are the effective drag areas of the helicopter
according the y-z, x-z and x-y plane, respectively, and Ua, Va and Wa are
the velocities with respect to air. In this analysis, all aerodynamic moments
exerted on fuselage will be neglected: generally, they have a small effect on
dynamics.
3.8 Tail rotor model
The tail rotor has the task of counteracting the main rotor torque due to
drag. The main rotor of the T-REX 500 turns clockwise from above, as
opposed to the vast majority of helicopters, so the moment Q applied to
the fuselage is according the −k unit vector. This means in this model tail
rotor blades usually operates in negative angles of attack, producing thrust in
−j direction. Small-scale helicopters are usually equipped with a embedded
tail control system, so it is necessary to model it adequately in order to
successfully simulate the yaw dynamics. The AHTCS utilizes S.M.M. sensor
to reduce tail drifts caused by winds or perturbations, as well as unintended
yaw induced by helicopter itself during flight maneuvers (for instance, an
abrupt change in blade collective pitch). It can be considered as an autopilot
for helicopter heading ψ. Note that the Silicon Micro Machines sensor has
poor performance characteristics in comparison to IMUMEMS, and its signal
is not available for recording. So, the IMU yaw rate r and heading ψ will
be used as references in the close-loop system modeling and simulation. In
the first part of this section, the calculation method for tail rotor thrust is
described. In the last part, the contribution of the head lock system is added.
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3.8.1 Tail rotor thrust
The tail rotor is usually subjected to a wide range of conditions, including
those where hypotheses on which actuator disk theory is based on decade.
In fact, the simplified theory requires the slipstream of the rotor is a well-
defined mass of moving air with well-defined boundaries outside which the
air is practically undisturbed [2]. The tail rotor, instead, usually operates in
its own wake, in vortex ring state, in which some of the air recirculates the
rotor. In this condition, the thrust-inflow algorithm described in Appendix E
fails. In this case, a different approach is needed. One of the most difficult
quantities to predict is the main rotor down-wash at the tail rotor, important
for rotor performances. The flow is influenced by the presence of the fuse-
lage and other equipments outside the careering such as sensors, and above
all by wind direction. A theoretical and experimental investigation of the
induced velocities near the lifting rotor has been conducted by Heyson and
Katzoff [14], in undisturbed flow (Figure 3.13). From the maps reported, it
was possible to predict the mean nondimensional value of the induced flow
velocity in the tail rotor plane for different values of forward flight velocities
(Figure 3.14): it is clear how the rotor is located in a high-gradient flow
transition zone for almost every forward velocity.
Using a simpler model, the tail rotor thrust can be expressed as:
Tt = Kstrg · strg +Kvv +Kµµ+Kpp+Kqq , (3.48)
where:
• The tail rotor command gain Kstrg takes into account the contribute of
tail rotor command modified by the head-lock system, i.e. the requested
heading by the pilot;
• The sideslip velocity gain Kv adds the contribute of the sideslip angle
to the local tail rotor inflow µz−tr;
• The advance ratio gainKµ takes into account the variation of µtr during
flight;
• The rolling and pitching gain Kp and Kq add the contributes due to
tail rotor offset from the center of gravity.
All these parameters have to be determined during the identification process.
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(a) χ = 0 deg. (b) χ = 26.56 deg.
(c) χ = 45 deg.
(d) χ = 63.43 deg. (e) χ = 75.97 deg.
Figure 3.13: Lines of constant values of induced velocity ratio v/v0 in the
longitudinal plane of symmetry of a rotor with triangular disk
load [14]; the circle indicates the position of the tail rotor for
the T-REX 500.
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Figure 3.14: Tail rotor down-wash for the T-REX 500 based on results of
Heyson and Katzoff [14].
3.8.2 Active Helicopter Tail Control System (AHTCS)
Heading lock gyros are able to maintain the tail of a helicopter into the
desired position, even during 3D maneuvers. Generally, tail drifts are caused
by wind or abrupt maneuvers, such as rapid change of blades angle of attack:
in this situations, the pilot could make a considerable effort to maintain
the flight direction. R/C helicopters are usually fitted with a heading-lock
gyro, which keeps the tail set to the desired position. They are provided of
software that enables them to calculate exactly how many degrees the yaw
or heading of the rotorcraft changes. This calculation is then converted into
a direct command sent to the tail rotor servo that not only dampens the
movement, but corrects for the exact amount of deviation off the original
heading. T-REX 500 is equipped with an SMM sensor, which are much less
temperature and vibration-sensitive than regular piezoelectric gyros. Note
that the effective signal used for heading lock system is not available, so
the yaw rate r from the SBG’s IMU will be used to model and identify the
system. The head-lock system (Figure 3.15) was modeled as an heading
hold autopilot, with a PID controller, whose general layout is represented in
Figure 3.16.
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Figure 3.15: Scheme.
Figure 3.16: Proportional-integrative-derivative (P.I.D.) controller block.
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3.9 Effect of horizontal stabilizer and vertical
fin on dynamics
As for full-scale helicopters, the T-REX 500 is provided with an horizontal
and vertical tail-plane. In reports for the X-CELL 60 and R-50, their effects
were valuated identifying two equivalent surfaces, with reduce lift slope. In
Figure 3.17 and 3.18 the two surfaces for the T-REX 500 are shown, from the
CAD model. In full-scale helicopters, tail surfaces have fundamental effect
on stability in forward flight. The vertical plane influences the nv stability
derivatives, improving yawing stiffness in forward flight, while the horizontal
surface gives a positive contribute to mq and mw, conferring positive stability
to the helicopter in forward flight. For the following analysis of the T-REX
500, it will be considered they have no effect on rotorcraft dynamics. In
fact, they are small flat perforated surfaces in disturbed flow, so the effect is
negligible, as it will be demonstrated by simulation.
Figure 3.17: Horizontal stabilizer of the T-REX 500.
Figure 3.18: Vertical fin of the T-REX 500.
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3.10 Ground effect
Rotor performance is affected by the presence of the ground that may alter
or constraint the flow in and outside the rotor ([16],[25],[24]).
Figure 3.19: Flow characteristics of a rotor near the ground: a. Take-off;
b. Transition to forward flight; c.Low speed forward flight; d.
High speed forward flight.
This is technically called ground effect. For example, rotor thrust and
power is influenced by the ground during takeoff: the rotor wake is influenced
and can’t develop, and so it is the induced flow in the plane of the rotor. For
a given rotor power, the rotor thrust is given to be increased in ground effect
condition. The problem of ground effect can also be viewed as a reduction of
power required for a given amount of thrust: most of the power reduction is
due to the induced contribute, but there is also a small reduction of profile
drag contribute, because of the reduced angle of attack in which airfoils
operate. This effect, that may seem negligible, is very important is operations
near the ground as take-off or landing: in this situation the pilot feels a
"cushion" under the rotorcraft. Many studies have been conducted on ground
effect estimation, experimentally or analytically with the method of images.
In particular, Cheesemann and Bennett [4] replaced the rotor with a simple
source with an image source to simulate the ground effect and obtained some
analytic relationships. Based on this studies, ground effect can be calculated
as:
T
T∞
=
KI
1− (R/4z)2 , (3.49)
where KI is the ground effect coefficient, depending on the type of surface
near the rotor (concrete, grass, water, . . . ), R is the radius of the rotor and
z is the rotor height from the ground.
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Figure 3.20: Cheeseman and Bennett analytic result for ground effect; red
dashed line represents the minimum ratio z/R for the T-REX
500.
In Figure 3.20 the Cheeseman and Bennett curve for the T-REX 500 is
reported, with KI = 1; the red dashed line indicates the minimum z/R possi-
ble for this rotorcraft, due to the presence of landing skids. So, the maximum
thrust achievable during take-off or landing is 1.2 times that produced with
the same amount of power far from constraints. The influence of ground
effect on helicopter dynamics is negligible for the identification process, but
it will be a key system characteristic during the design of ATOL close-loop
control systems.
3.11 Rotor-fuselage coupling
In the following the dynamics of the main rotor will be linked to the helicopter
one. The forces exerted on the blade are transmitted to the fuselage. No
elastic modes and vibrations will be considered: the tip-path plane simplified
model will be used. To perform dynamic simulation, the resultant of forces
and moments along body axes are needed. Referring to Figure 3.21 and 3.22,
the resultant of forces along xB, yB and zB axes are, respectively [23]:
X = Px − TDa1s −HD −D cos(θ − τc) (3.50)
Y = Py − TDb1s + Tt (3.51)
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Figure 3.21: Interpretation of flapping and feathering coefficients in the lon-
gitudinal plane.
Figure 3.22: Interpretation of flapping and feathering coefficients in the lat-
eral plane.
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Z = Pz − TD +HDa1s −D sin(θ − τc) (3.52)
The weight components can be written as:
Px
Py
Pz

=
[
Rhz2hb
]
·

0
0
mg

(3.53)
where:
[
Rhz2hb
]
=

cψcθ sψcθ −sθ
cψsθsφ− sψcφ sψsθsφ+ cψcφ cθsφ
cψsθcφ+ sψsφ sψsθcφ− cψsφ cθcφ

(3.54)
where, for the sake of simplicity, s indicates the sin function and c the cos
function. We obtain: 
Px
Py
Pz

=

−mg sin θ
mg cos θ sinφ
mg cos θ cosφ

(3.55)
Finally, we have:
X = −mg sin θ − TDa1s −HD −D cos(θ − τc) (3.56)
Y = mg cos θ sinφ− TDb1s + Tt (3.57)
Z = mg cos θ cosφ− TD +HDa1s −D sin(θ − τc) (3.58)
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The moment acting on the fuselage consists of the moment produced by
the tilting of the thrust vector due to the blade flapping and the moment
produced by inertial forces and hinge restraint. Each contribute will now be
analyzed in detail. The forces in the plane of the hub give rise to rolling
and pitching moments about the helicopter’s center of gravity. The average
rolling moment per blade is:
L = Y¯ +
eR
τ
∫ τ
0
Z sinψ dt (3.59)
Similarly, the average pitching moment is:
M = −X¯ − eR
τ
∫ τ
0
Z cosψ dt (3.60)
Solving the integrals, and neglecting smaller terms, we finally obtain, respec-
tively:
L = Y¯ − 1
2
mblexgΩ
2Rb1s (3.61)
M = −X¯ + 1
2
mblexgΩ
2Ra1s (3.62)
The rolling and pitching moments per blade generate through the elastic
restraint are, respectively:
L =
Nbl∑
i=1
Li (3.63)
M =
Nbl∑
i=1
Mi , (3.64)
where:
Li = Kββi sinψi (3.65)
Mi = −Kββi cosψi (3.66)
Substituting the flapping angle β in the previous equations, we obtain the
resultant rolling moment:
L =
{
Kβ
Nbl
2
(−a1s sin 2ψ − b1s(1− cos 2ψ)) if Nbl = 2
−Nbl
2
Kβb1s if Nbl > 2
(3.67)
The resultant pitching moment is:
M =
{
Kβ
Nbl
2
(b1s sin 2ψ + a1s(1 + cos 2ψ)) if Nbl = 2
Nbl
2
Kβa1s if Nbl > 2
(3.68)
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The previous equations can be also written as:
L =
Kβ
{
−b1s +
√
a21s + b
2
1s cos
[
2ψ + arctan
(
a1s
b1s
)]}
if Nbl = 2
−Nbl
2
Kβb1s if Nbl > 2
(3.69)
M =
Kβ
{
a1s +
√
a21s + b
2
1s cos
[
2ψ − arctan
(
b1s
a1s
)]}
if Nbl = 2
Nbl
2
Kβa1s if Nbl > 2
(3.70)
Neglecting the components with frequency greater than Ω, and collecting
the rotor forces, the resultant of moments around the xB and yB axes are,
respectively:
L = −1
2
mblexgΩ
2Rb1s − TDb1shR + TthtR + TDlR−Kβb1s (3.71)
M =
1
2
mblexgΩ
2Ra1s + TDa1shR+HDhR+Mf − (TD −HDa1s)fR+Kβa1s
(3.72)
The moment around the zB axis is:
N = −TtltR−Q (3.73)
Note that, in trim conditions, Tt is negative, i.e. towards the negative y-axis.
In other words, the tail rotor pitch is normally negative.
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4.1 Introduction
In this section, a general description of the software implemented in Simulink
is presented. Purposes of this software are:
• Allowing for the helicopter simulation with inputs defined by user with
default time functions or in real-time with a transmitter connected to
the computer;
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• Allowing for the model identification: imposing the same servos inputs
as in the flight test and defining a cost function with flight variables
such as angular rates or attitude, it is possible to identify parameters
introduced in the mathematical model minimizing the error between
model outputs and variables recorded by on-board sensors;
• Calculation of trim condition for the rotorcraft;
• Development and testing of close-loop control systems for RUAV;
In Figure 4.1 the general model layout is shown. In this chapter, each block
will be analyzed in detail.
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4.2 Command block
4.2.1 Main rotor command block
In the main rotor command block (Figure 4.2), equations for main rotor
kinematics (see A) are solved with an iterative procedure based on Newton-
Raphson algorithm implemented in MATLAB. The servos analog signals SAe,
SPe, SEe come from data recorded during test flight for identification pro-
cess, or from the transmitter connected with the computer for simulation.
Experimental look-up tables are used to convert analog signals to servo arm
rotations: this conversion is not instantaneous, but it has a dynamic behavior
depending on the performances of the servo. In a MATLAB Function block,
the three rotations, together with the coefficients of the flybar flapping, are
used as inputs to solve the main rotor kinematics mathematical model: as
outputs, there are the cyclic pitch transmitted to the stabilizer bar A1 and
B1 and the collective and cyclic pitch transmitted to the blades, already
corrected with the flybar contributes, θ0, A1−corr and B1−corr.
4.2.2 Tail rotor command block
In the tail rotor command block, (Figure 4.3), the system of equations for the
tail command chain kinematics (see A) is solved with the Newton-Raphson
iterative process. As in the main rotor command block, the analog signal STe
comes from the recorded data during flight test or from the transmitter. After
the conversion to servo arm rotation (with a only-supposed relationship), the
signal, with its own first-order dynamics, is used by the MATLAB Function
block to solve the mathematical model. The only noteworthy output is the
blade pitch θtr.
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4.3 Controller block
In this block (Figure 4.4), the close-loop control systems for the rotorcraft are
implemented. For this dissertation, only the Active Helicopter Tail Control
System (AHTCS), integrated with the helicopter, is developed. As shown
in Figure 4.4, the main rotor command inputs from the pilot are simply
transmitted as outputs and they are not modified by stability augmentation
systems or autopilots. This block will be used in future work for the devel-
opment of a rotorcraft able to complete a planned mission in autonomous
flight, aim of this project.
The analog signal str from the pilot transmitter is amplified and then inte-
grated: this is a fictitious reference helicopter heading ψi, that is compared
with heading ψ derived from rotorcraft dynamic equations. This signal feeds
the P.I.D. controller, creating the effective tail rotor command strg.
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4.4 Aerodynamic iterative procedure block
In this block (Figure 4.5), the aerodynamic iterative process described in
Appendix D is solved. The inputs are the body axes translational velocities
u, v and w, the main rotor commands θ0 and B1 and the flapping coefficient
a1s; the outputs are the advance ratio µ, the inflow ratios λ and λi, the force
coefficients tc and hc, the torque coefficient qc and the induced flow coefficient
Kiv.
4.5 Blade flapping dynamics block
In this block (Figure 4.6), the first-order differential equation for the blade
flapping developed in Appendix B is solved in matrix form via a MATLAB
Function block. The first derivatives of the coefficients is then integrated to
obtain the flapping coefficient referred to the hub-plane a0, a1s and b1s.
4.6 Flybar flapping dynamics block
In this block (Figure 4.7), the second-order differential equation for the sta-
bilizer bar flapping developed in Appendix C is solved in matrix form via a
MATLAB Function block. The second derivatives of the coefficients is then
integrated twice to obtain the flapping coefficient referred to the hub-plane
afb1s and b
fb
1s. The saturation simulates the mechanical block of the flybar: the
flapping angle cannot exceed the values ±20 deg. The manual switch is used
to simulate the absence of the secondary rotor.
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4.7 Forces and moments block
In the forces and moments block (Figure 4.8), the resultant of forces and
moments according the body axes is computed. In the first sub-blocks the
weight components, the ground effect factor and the tail rotor force is calcu-
lated; in the last part the components according the axes are collected and
summed.
4.8 Helicopter dynamics block
In this block (Figure 4.9), the helicopter rigid body equation are integrated
with initial condition to obtain:
• Euler’s angles φ, θ and ψ;
• Angular body rates p, q and r;
• Body axes accelerations u˙, v˙ and w˙;
• Angular body accelerations p˙, q˙ and r˙;
• Body translational velocities u, v and w;
• CoG position X, Y and Z;
All the variables are then saved in MATLAB workspace in the last block.
CHAPTER 4. SIMULINK MODEL 75
F
ig
ur
e
4.
8:
Fo
rc
es
an
d
m
om
en
ts
bl
oc
k.
CHAPTER 4. SIMULINK MODEL 76
F
ig
ur
e
4.
9:
H
el
ic
op
te
r
dy
na
m
ic
s
bl
oc
k.
Chapter 5
Identification of the dynamic
model
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5.1 Introduction
So far, we have developed a simplified mathematical model for the rotorcraft
that introduces several physical meaningful parameters: now we can pro-
ceed with their identification. In this chapter, we summarize the developed
identification process for our rotorcraft, the choose of the sample of flight
conditions and the relative cost functions. Finally, there will be a critical
discussion about identified parameters, their accuracy and their theoretical
validation.
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5.2 Identification setup
The identification process followed for the T-REX 500 is essentially a fitting
process between the simulation based on the mathematical model developed
in previous chapters and data recorded during test flights: the aim is minimiz-
ing the gap between them. In Chapter 2 the advantages of this time-domain
procedure, as oppose to fitting between frequency responses, are extensively
discussed. The identification process was broken down in two fundamental
steps. Firstly, we have estimated the key parameters of the helicopter decou-
pling the yaw dynamics: we have considered only the recorded yaw rate r and
heading angle ψ and not forces and moments that generate it. Secondly, we
have estimated the tail thrust parameters and tuned the AHTCS controller
simulating the helicopter dynamics.
The first step is the choose of the samples of test flight which the simulation
will be compared with. The first idea is to use inputs that can "excite" the
main helicopter dynamics and are representative of commands used by the
pilot to control the rotorcraft: doublet-like inputs are typically used during
flight, for example in the transition between hovering and forward flight for
tilting the thrust vector and for maintain a constant speed without going
out of control. As expected, the pilot commands are "dirty", that is to say
he have to "continuously" apply corrections. The initial condition should
be hovering: in this way, the initialization of flapping coefficients and their
derivatives are easier and we can refer to the data available from the solution
of the trim problem (see Appendix F). Samples of test flight with a duration
from 10 to 20 seconds have been chosen, in which pilot performs the tran-
sition between hovering flight and forward flight (or lateral flight), with the
final flare to bring back the rotorcraft in the hovering condition. Another
main issue is choosing of the variables to be considered in the cost function.
It must be considered that the parameters to identify affect directly forces
and moments, that in turn generates angular and translational accelerations.
Speed and position are only the result of the subsequent integration. So it has
been decided to include in the cost function only body accelerations ax, ay, az
and angular rates p, q, r. Each contribute is given by the difference of the
simulated variable and that obtained by the filtering of the recorded data for
the same sample of test flight, weighted with its maximum: in this way, each
term has the same "weight" in the cost function. For the first identification
process, the three body axes accelerations and the roll and pitch rate have
been considered (see Listing 5.1); for the yaw dynamics identification, only
the yaw rate r and the lateral acceleration ay have been taken into account
(see Listing 5.2).
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1 function F=LocalCostFun(x)
3 ...
5 Fq=abs(q-q_test); % Contribute of pitch rate q
Fp=abs(p-p_test); % Contribute of roll rate p
7 Faccz=abs(acc_z -acc_z_test); % Contribute of body
acceleration a_z
Faccx=abs(acc_x -acc_x_test); % Contribute of body
acceleration a_x
9 Faccy=abs(acc_y -acc_y_test); % Contribute of body
acceleration a_y
11 F=Fq/max(Fq)+Fp/max(Fp)+Faccz/max(Faccz)+Faccx/max(Faccx
)+Faccy/max(Faccy);
13 end
15
Listing 5.1: MATLAB function LocalCostFun to minimize for the first
identification procedure.
function F=LocalCostFun(x)
2
...
4
Fr=abs(r-r_test); % Contribute of yaw rate r
6 Faccy=abs(acc_y -acc_y_test); % Contribute of body
acceleration a_y
8 F=Fr/max(Fr)+Faccy/max(Faccy);
10 end
12
Listing 5.2: MATLAB function LocalCostFun to minimize for the yaw
dynamics identification process.
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5.3 Identification results
In Table 5.1, the parameters identified for the T-REX 500 are reported.
Generally, the time responses predicted with the identified model show good
agreement with the responses collected during experiments. In Figure 5.1,
the comparison between the simulation for a sample of 7 seconds in which
pilot operates in the longitudinal plane and the equivalent pitch rate q and
body axes accelerations collected by IMU is shown. As it can be seen, there
is excellent agreement, above all in the pitch rate response (maximum error
12.5 deg sec−1). In Figure 5.2, the plot of function count, function value,
norm of residuals and step size for every iterative loop is reported: there
is a fast convergence towards the solution. Figure 5.3 and 5.4 show other
simulations for different samples of commands with the same parameters
configuration. Compared with the results obtained for the R-50 [19], the
agreement is good also for longer simulation times. This is due to the inherent
characteristics of the frequency-domain identification: the validity of the
stability derivatives identified are restricted only near the initial condition,
that is to say hovering or constant forward speed. In that case, times of
simulation greater than 5 seconds reveal a rapid deviation from expected
data. In the non-linear model developed, instead, parameters to identify
are valid without restriction throughout the entire rotorcraft flight envelope.
Figures 5.5 and 5.6 show two simulations respectively of 50 seconds and 100
seconds, together with the pilot commands. Except for temporary differences
caused by wind or second-order effects, the software simulates correctly the
rotorcraft dynamics. Finally, in Figure 5.7, the results of the identification
process for the yaw dynamics is reported. In the chosen sample, the pilot
demands a fast variation in heading angle ψ in the hovering condition. As
it can be seen, there is good agreement for ψ, but not for the yaw rate.
Remember that the AHTCS input is the output of the S.M.M. sensor, while
in the control system the yaw rate measured by the IMU is used. Oscillations
in r are imputable to the lower accuracy of the embedded sensor compared
to the IMU.
It is important to note that with results are obtained with a relatively simple
model: this indicates that higher order dynamics do not influence highly
the dynamics of small-scale rotorcrafts, so this model is good also for future
control systems tuning.
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Table 5.1: Identified parameters of T-REX 500 helicopter.
General parameters Description
Sfusx =0.0382 m
2 Frontal fuselage drag area
Sfusy =0.0705 m
2 Side fuselage drag area
Sfusz =0.0625 m
2 Vertical fuselage drag area
h = 0.289 Main rotor height above CoG, nondimensional
f = −0.028 Main rotor distance in x direction from CoG
l = 0.0036 Main rotor distance in y direction from CoG
Main rotor parameters Description
Kβ =40 N m rad
−1 Hinge restraint stiffness
abl =5.5 rad
−1 Blade lift curve slope
γbl = 2.35 Blade Lock number
δ =0.025 Main rotor mean lift drag coefficient
Flybar parameters Description
afb =1.31 rad
−1 Stabilizer bar lift curve slope
γfb = 0.2447 Paddle Lock number
Tail rotor parameters Description
KP = −2.42× 10−6 Controller proportional gain
KD = −0.387 Controller derivative gain
KI = −0.071 Controller integrative gain
N = 500 Controller filter
Kstrg = 50 Tail rotor thrust command gain
Kv = −0.1 Tail rotor thrust sideslip velocity gain
Kµ = 5 Tail rotor thrust µ gain
Kp = −2.89 Tail rotor thrust roll rate gain
Kq = 1.71 Tail rotor thrust pitch rate gain
K1 = −10.6448 Radio command to yaw rate gain
str0 = 0.0611 Radio command offset
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(a) Commands and pitch rate q;
(b) Body axes accelerations;
Figure 5.1: Comparison between responses predicted by the identified
model and the recordings of flight experiments.
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Figure 5.2: Optimization plot functions.
Figure 5.3: Comparison between the response in roll rate predicted by the
identified model and the recordings of flight experiments.
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Figure 5.4: Comparison between the response in pitch rate predicted by the
identified model and the recordings of flight experiments.
Figure 5.5: Comparison between the response in pitch rate predicted by the
identified model and the recordings of flight experiments, for a
simulation time of 50 seconds.
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Figure 5.6: Comparison between the response in roll rate predicted by the
identified model and the recordings of flight experiments, for a
simulation time of 100 seconds.
Figure 5.7: Comparison between responses in yaw rate and heading angle
predicted by the identified model and the recordings of flight
experiments.
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5.4 Theoretical validation of identified param-
eters
In this section, an interpretation of the key model parameters will be pro-
vided and after we will compare identified values with those predicted with
simple physics. The key components of our model are those concerning the
main rotor, where the main control forces and moments are produced, and
the stabilizer bar. In laboratory, a theoretical evaluation of blade stiffness
has been carried on. In general, for a beam fixed at one end and with a
concentrated load P at the other, the maximum deflection is (Figure 5.8):
v =
Pl3
3EI
, (5.1)
where l is the beam length, E is the elastic modulus of Young and I is
the moment of inertia according to the axis of the moment applied. So the
equivalent spring can be considered as:
Kβ =
3EI
l3
=
P
v
(5.2)
The blade was secured in a vise and loaded with a known weight. Measuring
the maximum deflection at its end, the value of Kβ can be found:
Kβ ≈ 133 N m rad−1 (5.3)
The equivalent stiffness of the spring system (see Figure 5.9) is:
Keq =
(l1 + l2)
2K1K2
(l1 + l2)2K2 + l22K1
(5.4)
Imposing Kβ ≈ K2, we obtain:
K1 ≈ 23 N m rad−1 (5.5)
This value is consistent with the identification modeling of the R-50. For
a truthful estimate of the lift curve slope of blades and paddles, we used
value estimated experimentally in [29] for a similar type of paddle. In this
dissertation, the blade and paddle lift curve slope are, respectively, 5.73 rad−1
and 2.67 rad−1. Note that scaling factor for T-REX 500 and Wilenmann’s
model are different, as the aspect ratio of blades and paddles. Only the blade
lift curve slope is consistent with identified value: this is due, probably,
to the different paddles aspect ratio and to the bad quality of the finish
for the plastic airfoil. The drag coefficient δ is coherent with aerodynamic
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Figure 5.8: Schematic representation of a beam clamped at one end and
with a concentrated load at the other.
Figure 5.9: Schematic representation of hinge-blade stiffness.
data available for NACA 0012 airfoil (Figure 5.10). The blade operates with
a Reynolds number range from 40000 to 340000, and this drag coefficient
corresponds to a mean angle of attack of about 8 deg. This is a little bit
high, but consider that the drag contribute given by the stabilizer bar is
already included in this term. The position of the rotorcraft center of gravity
is consistent with indication given by the CAD model, reported in Table 5.2.
Controller gains and their sign are according all expectation (see Fig-
ure 5.7). First of all, analyze K1: in order to obtain a positive yaw rate r,
tail rotor blade angle of attack must decrease, so a reduction of the analog
signal is expected. So, K1 must be negative. With the same line of reason-
ing, gains of P.I.D. controller are expected to be negative. Suppose that the
Table 5.2: Position of the helicopter center of gravity respect to hub plane
reference system, as result of CAD model analysis.
Parameters Value
f -0.025
l 0
h 0.30
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Figure 5.10: Aerodynamics coefficients for NACA 0012 airfoil.
commanded helicopter heading is higher of the measured: a decrease of angle
of attack is expected in order to obtain a higher (in module) negative thrust,
and so it is. Regarding the simplified calculation of thrust, Kstrg is expected
to be positive: an increase of analog signal corresponds to a positive rotation
of servo horn, which in its turn corresponds to an increase in blade angle of
attack, and therefore thrust. The coefficient Kv takes into account the effect
of the sideslip velocity v on the thrust: a positive sideslip angle (wind from
the right) causes an increase in rotor inflow, and so a decrease of the angle of
attack and of the thrust consequently. The coefficient Kµ takes into account
the variation of induced velocity with the helicopter forward speed. With an
increase of advance ratio µ, according to Glauert theory, the induced velocity
of the rotor decreases, so the effective angle of attack increases and so does
the thrust. The same thinking is applicable for Kp and Kq. Remember that
the close-loop control system is fed by the IMU yaw rate r: the many oscil-
lations during identification is explained by the low accuracy of the AHTCS
single-axis gyro. However, Figure 5.7 demonstrates that the effective error
in heading angle ψ is very small.
5.5 Influence of stabilizer bar on rotorcraft dy-
namics
In this section, we will demonstrate how the stabilizer bar acts as a mechan-
ical feedback in roll rate and in pitch rate and how it affects the dynamics of
the helicopter. The main inputs of the stabilizer bar dynamics are the pilot
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cyclic commands A1 and B1 and the roll and pitch rate p and q of the fuse-
lage, as the main rotor. The characteristic times, however, are very different:
the rotor responds faster than the stabilizer bar to the same input (compare
pole positions reported in Appendix B and C). By taking into account the
coupling of the blade and stabilizer bar dynamics via the Bell-Hiller mecha-
nism with the fuselage dynamics, we can represent this coupled system with
a fictitious feedback loop, as in Figure 5.11. The flybar acts as a pseudo-
feedback in p and q and as a control booster via the direct input from the
pilot.
The main effect of the feedback in p and q is the increase of the damping mo-
ment in helicopter dynamics. Suppose the rotorcraft in hovering condition:
if the pilot gives with his stick a negative increment of longitudinal cyclic B1,
the tip-path plane tilts rearward and the component of thrust according the
x-axis creates a positive pitching moment, and a subsequent positive pitch
rate q. The rotor, however, acts as a gyro: if you try to tilt a body that
rotates according its own axis along a precession axis, the gyroscopic couple
will act in order to get close the precession axis with the body rotational axis.
In this case, the effect of the gyroscopic couple is tilting forward the tip-path
plane, dampening and opposing the original pitching moment. This effect
is common in fixed-wing aircrafts, too: just think to the stability deriva-
tives Lp and Mq, for example. The stabilizer bar has a significantly larger
characteristic time than the main rotor (compare poles position reported in
Table B.1 and C.1), so it will have a slower response and it will lag behind
the it, generating a control input for the blade that will tend the tip-path
plane to lag more it would do naturally, increasing the rotor damping. The
effect of the stabilizer bar on the overall dynamics is shown in Figure 5.12:
the rotorcraft response to a step-like longitudinal input B1 is shown for the
cases with and without the stabilizer bar. Without the flybar, the helicopter
seems to have a ramp-like response in pitch rate q.
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Figure 5.11: Stabilizer bar effect can be regarded as a mechanical feedback
in a close-loop system in roll and pitch rate.
Figure 5.12: Step response to a longitudinal cyclic B1 for the T-REX 500
with and without the stabilizer bar.
Conclusions and future work
The work described in this dissertation has been concerned with the devel-
opment, identification and validation of a dynamic model for a small-scale
rotorcraft with aerobatic capabilities available at the Department of Civil and
Industrial Engineering (DICI) of the University of Pisa. A new approach was
proposed, based on the following points:
• The command chain has been studied with a kinematic model, as op-
posed to the command derivatives used in the frequency-domain iden-
tification approach;
• The first-principles modeling approach and the system identification
has been used in a complementary way: the first one provides the nec-
essary understanding of the physics involved in the rotorcraft dynamics,
the second one provides a mean to identify the parameters introduced
than cannot be measured directly.
• The identification process has been conducted in time-domain: this has
several advantages, such as the wider range of conditions identified at
once;
The overall results of the identification of the T-REX 500 dynamic model
are very good. The maximum error in angular rates is 14.3 deg sec−1; the
maximum error in body-axes accelerations is 4.8 m sec−2. As it can be seen
in the last chapter, the non-linear mathematical model developed predicts
with high accuracy the rotor and helicopter dynamics, included the effects
of stabilizer bar and the Active Helicopter Tail Control System (AHTCS).
This means the higher order dynamics modes are not so important for small-
scale helicopters as opposed to full-scale rotorcrafts, and this relatively simple
dynamic model can be successfully used for future control systems tuning,
also in the high frequency range. The first-order blade flapping differential
model predicts with good accuracy the rotor dynamics, with less computa-
tional time compared to the unreduced model. No inflow dynamic model is
used: the influence on rotor dynamics of small-scale rotorcraft is negligible,
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as demonstrated. Moreover, the identified parameters have physical mean-
ing, and their values can be determined with simple experiments or with
reference to empirical data present in literature. Compared with the results
obtained for the R-50 [19], the agreement between simulation and flight tests
is good also for longer simulation times. This is due to the inherent char-
acteristics of the mathematical model developed for the frequency-domain
identification: the validity of the stability derivatives are restricted only near
the initial condition, that is to say hovering or constant forward speed. In
that case, times of simulation greater than 6 seconds reveal a rapid deviation
from expected data. In the non-linear model developed, instead, parameters
identified are valid without restriction throughout the entire rotorcraft flight
envelope. The aim of the University project is developing a Rotary-wing
Unmanned Aerial Vehicle (RUAV) capable to complete a planned mission in
autonomous flight, with automatic take-off and landing and sense-and-avoid
capabilities ([17], [3]). In future work, the software implemented will be used
for tuning and testing of the close-loop control systems, developed referring
to a simpler linear model.
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Analysis of helicopter command
chain kinematics
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A.1 Main rotor
In the following analysis, a mathematical model of the main rotor command
chain kinematics will be developed. This is necessary to correlate the rotation
of servos SA, SP and SE with the pitch of blade and flybar in order to predict
aerodynamic forces acting on it. The command chain is made of rods, control
arms, a swashplate and a flybar seesaw holder, and many unknowns will
be introduced. In Figure A.1 and Figure A.2 two views of the main rotor
mechanization are shown. In Figure A.3 the main rotor servos arrangement
is reported: there are three servos, SA, SP and SE (also known as aileron,
pitch and elevator), with an angular separation of 120 degrees. Note that
the rotor shaft rotates in a clockwise direction, unlike common helicopter
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Figure A.1: Front view of main rotor command chain (from T-REX 500
CAD model).
convention: this will cause centrifugal moment due to angular rates p and q to
be in opposite sense, as it will be clear in Appendix B. The two fundamental
hypotheses on which this theory bases on are:
• Rods, control arms, swashplate and holders can be considered rigid
bodies: only in quick and abrupt maneuvers, the longest rods can bend;
• No backlash is considered. This is a strong hypothesis: mechanical
backlash plays a key role in the kinematics, but no simple model can
be used to successfully represent this phenomena.
Note that no small angle assumption is introduces, to better represent the
dynamics at the blade maximum angle of attack.
In Table A.1 the main rotor parameters used in the mathematical model
are reported: rods and control arms were gauged with digital caliper (Fig-
ure A.4), angles with digital clinometer (Figure A.5).
The first step is linking the position of the swashplate according the
chosen reference system (see Figure A.3) with the three servos rotation. The
equation of the infinite plane is, generally:
ax+ by + cz + d = 0 (A.1)
In explicit form:
z = f(x, y) = −a
c
x− b
c
y − d
c
(A.2)
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Figure A.2: Rear view of main rotor command chain (from T-REX 500 CAD
model).
Figure A.3: Arrangement of main rotor servos and chosen reference system.
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Table A.1: Main rotor mechanization parameters used in the mathematical
model (reference system, lengths and angles are shown in the
following figures).
Parameter Value Description
x0A −28.8 mm x-coordinate of the shaft of servo SA
y0A −31.5 mm y-coordinate of the shaft of servo SA
z0A −26.1 mm z-coordinate of the shaft of servo SA
x0P −28.8 mm x-coordinate of the shaft of servo SP
y0P 31.5 mm y-coordinate of the shaft of servo SP
z0P −26.2 mm z-coordinate of the shaft of servo SP
x0E 42.4 mm x-coordinate of the shaft of servo SE
z0E −23.9 mm z-coordinate of the shaft of servo SE
θ0A −15.5 deg Servo horn angle in down position for servo SA
θ0P −15.5 deg Servo horn angle in down position for servo SP
θ0E −10 deg Servo horn angle in down position for servo SE
l1 13.1 mm Length of rod l1
l2−A 49.9 mm Length of rod l2−A
l2−P 50 mm Length of rod l2−P
l4 13.1 mm Length of rod l4
l5 48.7 mm Length of rod l5
RA 32.1 mm Radius of linkage ball A
RP 32.1 mm Radius of linkage ball P
RE 32.1 mm Radius of linkage ball E
a 25.2 mm Length of control arm a
b 13.8 mm Length of control arm b
l7 52.5 mm Length of rod l7
l9 25.3 mm Length of rod l9
Rsw 19.8 mm Radius of linkage ball SW
Rj 19.8 mm Radius of linkage ball FB
c 25.1 mm Length of control arm c
d 15.4 mm Length of control arm d
l10 17.2 mm Length of rod l10
l11−A 22.7 mm Length of rod l11−A
l11−P 22.1 mm Length of rod l11−P
z¯08 75.3 mm Geometrical z-coordinate of point O8
y¯08 6.5 mm Geometrical y-coordinate of point O8
l13 29.1 mm Length of rod l13
l14 23 mm Length of rod l14
z02 75.3 mm z-coordinate of point O2
x′0 −5.8 mm x-coordinate of point O
zax 99.8 mm z-coordinate of point Oax
x¯g 9 mm x-coordinate of point G
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Figure A.4: Digital caliper.
Figure A.5: Digital clinometer.
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The normal unit vector of a plane is, by definition:
n =
(−f ′x;−f ′y; 1)√
1 + (f ′x)2 + (f ′y)2
(A.3)
Using equation A.2, equation A.3 becomes:
n =
(a
c
; b
c
; 1)√
1 + (a
c
)2 + ( b
c
)2
(A.4)
Now imagine that A.1 is the equation of the infinite plane which contain the
swashplate. The coordinates of the linkage ball of servo SP are:
(xSP , ySP , zSP ) , (A.5)
where:
xSP = −RP
2
√
1
1 + (a
c
)2
(A.6)
ySP = −
√
3RP
2
√
1
1 + ( b
c
)2
(A.7)
zSP =
a
c
RP
2
√
1
1 + (a
c
)2
+
b
c
√
3RP
2
√
1
1 + ( b
c
)2
− d
c
(A.8)
The coordinates of the linkage ball of servo SA are:
(xSA, ySA, zSA) , (A.9)
where:
xSA = −RA
2
√
1
1 + (a
c
)2
(A.10)
ySA =
√
3RA
2
√
1
1 + ( b
c
)2
(A.11)
zSA =
a
c
RA
2
√
1
1 + (a
c
)2
− b
c
√
3RA
2
√
1
1 + ( b
c
)2
− d
c
(A.12)
Finally, the coordinates of the linkage ball of servo SE are:
(xSE, 0, zSE) , (A.13)
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where:
xSE = RE
√
1
1 + (a
c
)2
(A.14)
and
zSE = −a
c
RE
√
1
1 + (a
c
)2
− d
c
(A.15)
Now we have to link the coordinates of the linkage balls with the rotation of
servo-motor. Referring to Figure A.6, the equations defining the position of
point P as a function of rods rotation are:
xSP = x0P + l1 + sin(θP + θ0P ) + l2−P cos θ∗2y sin θ
∗
2x = f1
(
a
c
)
(A.16a)
ySP = y0P − l2−P sin θ∗2y = g1
(
b
c
)
(A.16b)
zSP = z0P − l1 + cos(θP + θ0P ) + l2−P cos θ∗2y cos θ∗2x =
h1
(
a
c
,
b
c
,
d
c
)
(A.16c)
For the mechanism connected to servo-motor SA (refer to Figure A.7):
xSA = x0A + l1 + sin(θA + θ0A) + l2−A cos θ2y sin θ2x = f2
(
a
c
)
(A.17a)
ySA = y0A + l2−A sin θ2y = g2
(
b
c
)
(A.17b)
zSA = z0A − l1 + cos(θA + θ0A) + l2−A cos θ2y cos θ2x =
h2
(
a
c
,
b
c
,
d
c
)
(A.17c)
Finally, for the servo-motor SE (refer to Figure A.8):
xSE = x0E + l4 + sin(θE + θ0E)− l5 sin θ5 = f3
(
a
c
)
(A.18a)
ySE = 0 (A.18b)
zSE = z0E − l4 + cos(θE + θ0E) + l5 cos θ5 = h3
(
a
c
,
d
c
)
(A.18c)
APPENDIX A. COMMAND CHAIN KINEMATICS 100
Figure A.6: Schematic view of the first part of main rotor command chain
arrangement (from servo SP to swashplate), with rods’ lengths
and angles used in the mathematical model shown.
Figure A.7: Schematic view of the first part of main rotor command chain
arrangement (from servo SA to swashplate), with rods’ lengths
and angles used in the mathematical model shown.
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Figure A.8: Schematic view of the first part of main rotor command chain
arrangement (from servo SE to swashplate), with rods’ lengths
and angles used in the mathematical model shown.
Writing in a more explicit way the functions f1, g1, h1, f2, . . . found before,
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we obtain:
x0P + l1 + sin(θP + θ0P ) + l2−P cos θ∗2y sin θ
∗
2x+
+
RP
2
√
1
1 + (a
c
)2
= 0
(A.19a)
y0P − l2−P sin θ∗2y +
√
3RP
2
√
1
1 + ( b
c
)2
= 0 (A.19b)
z0P − l1 + cos(θP + θ0P ) + l2−P cos θ∗2y cos θ∗2x+
−a
c
RP
2
√
1
1 + (a
c
)2
− b
c
√
3RP
2
√
1
1 + ( b
c
)2
+
d
c
= 0
(A.19c)
x0A + l1 + sin(θA + θ0A) + l2−A cos θ2y sin θ2x+
+
RA
2
√
1
1 + (a
c
)2
= 0
(A.19d)
y0A + l2−A sin θ2y −
√
3RA
2
√
1
1 + ( b
c
)2
= 0 (A.19e)
z0A − l1 + cos(θA + θ0A) + l2−A cos θ2y cos θ2x+
−a
c
RA
2
√
1
1 + (a
c
)2
+
b
c
√
3RA
2
√
1
1 + ( b
c
)2
+
d
c
= 0
(A.19f)
x0E + l4 sin(θE + θ0E)− l5 sin θ5 −RE
√
1
1 + (a
c
)2
= 0 (A.19g)
z0E − l4 cos(θE + θ0E) + l5 cos θ5 + a
c
RE
√
1
1 + (a
c
)2
+
d
c
= 0 (A.19h)
The A.19 is a non-linear system of eight equations in eight unknowns (a
c
, b
c
, d
c
,
θ2x, θ2y, θ
∗
2x, θ
∗
2y and θ5): in this analysis the Newton-Raphson iterative method
will be used to solve it. In general, consider a non-linear system of n equa-
tions in n unknowns: 
f1(x1, x2, . . . , xn) = 0
f2(x1, x2, . . . , xn) = 0
. . .
fn(x1, x2, . . . , xn) = 0
(A.20)
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that can be written as:
f(X) =

f1(X)
f2(X)
. . .
fn(X)

= 0 (A.21)
where X = (x1, x2, . . . , xn)T is the unknowns vector. The matrix f is approx-
imated through first order Taylor series, so:
f(Xi+) ∼ f(Xi) + J(Xi)(Xi+1 −Xi) (A.22)
where i is the iterative step and J is the Jacobian matrix, as follows:
J =

∂f1
∂x1
∂f1
∂x2
. . . ∂f1
∂xn
∂f2
∂x1
∂f2
∂x2
. . . ∂f2
∂xn
. . . . . . . . . . . .
∂fn
∂x1
∂fn
∂x2
. . . ∂fn
∂xn

(A.23)
The next iteration is evaluated imposing equation A.22 equal to zero:
Xi+1 = Xi − J/f(Xi) (A.24)
In Figure A.9 and Figure A.10 two examples of resolution are reported, for
different servo rotations: only the portion of the plane which contains the
swashplate is shown, and linkage balls are represented as black points.
Now the rest of the mechanism can be analyzed. Swashplate and rods
above rotate in a clockwise direction as blades, so henceforward it is conve-
nient to refer to an auxiliary reference system τ ′(x’, y’, z’), rotating respect
to the previous one in the same sense of blades.
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Figure A.9: Position of the swashplate according to the chosen reference
system for the following servos commands: θA = 35 deg, θP =
20 deg, θE = 0 deg.
Figure A.10: Position of the swashplate according to the chosen reference
system for the following servos commands: θA = 40 deg, θP =
0 deg, θE = 40 deg.
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Figure A.11: Schematic view of the last part of main rotor command chain
arrangement (from swashplate to blade pitch), with rods’
lengths and angles used in the mathematical model shown.
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In the new reference system, the coordinates of point SW (swashplate
linkage ball) are (hereinafter the apex will be omitted for the sake of simplic-
ity):
xSW = −
[
RSW
√
1
1 + (a
c
)2
−RSW
√
1
1 + ( b
c
)2
]
sinψ cosψ (A.25a)
ySW = −RSW
√
1
1 + ( b
c
)2
cos2 ψ −RSW
√
1
1 + (a
c
)2
sin2 ψ (A.25b)
When a/c and b/c are both zero (swashplate plane in the form z = cost):
xSW = 0 (A.26a)
ySW = −RSW , (A.26b)
as expected.
Now suppose rods and control arms are rigid bodies. In order to obtain
a system of equations, simple kinematic relations are needed to link hinge
motion:
yH = l10 cos θBL + l9 sin θ9 = y08 + b cos θBL (A.27a)
zH = zAX − l10 sin θBL − l9 cos θ9 = z08 − b sin θBL (A.27b)
yG = y08 − a cos θ8 = ySW + l7 cos θ7x sin θ7y (A.27c)
zG = z08 + a sin θ8 = zSW + l7 cos θ7x cos θ7y (A.27d)
x¯G = xSW − l7 sin θ7x (A.27e)
The A.27 is not a solvable system: coordinates y08 and z08 depends on flybar
flapping (as it will be soon clearer . . . ), so the knowledge of flybar dynamics
is needed in order to predict effective blade pitch. In fact we have:
y08 = y¯08 cos βfb (A.28a)
z08 = z¯08 + y¯08 sin βfb (A.28b)
The next step is finding flybar paddles pitch during operation, that is to say
linking swashplate position with paddles angle of attack. Flybar command
chain is made of two non-independent lines, so they have to be solved to-
gether. Referring to the same reference system used previously τ ′, analyze
the first kinematic chain. Coordinates for point FB (swashplate linkage ball)
are (Figure A.12):
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Figure A.12: Schematic view of the first flybar command chain analyzed
(from swashplate to paddles’ pitch), with rods’ lengths and
angles used in the mathematical model shown.
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xFB = −Rj
√
1
1 + (a
c
)2
cos2 ψ −Rj
√
1
1 + ( b
c
)2
sin2 ψ (A.29a)
yFB = −
[
Rj
√
1
1 + (a
c
)2
−Rj
√
1
1 + ( b
c
)2
]
sinψ cosψ (A.29b)
As previously stated, if the swashplate has a plane equation like z = cost,
we have:
xFB = −Rj (A.30a)
yFB = 0 , (A.30b)
as expected.
To obtain the solution of this kinematic line, consider rods and arms as rigid
bodies, and apply basic kinematic relationships about motion in 3-D space:
xK = xFB + l11A sin θ11 = xO′ − d cos θ12 (A.31a)
zK = zFB + l11A cos θ11 = zO′ − d sin θ12 (A.31b)
xZ = xO′ + c cos θ12 − l13 sin θ13 = l14 cos θ14 (A.31c)
zZ = zO′ + c sin θ12 + l13 cos θ13 = l14 sin θ14 + zO2 (A.31d)
Note that point O can move in z direction, so zO is not known a priori.
Now analyze the second command chain (Figure A.13). So, the coordi-
nates of point FB’ are:
xFB′ = Rj
√
1
1 + (a
c
)2
cos2 ψ +Rj
√
1
1 + ( b
c
)2
sin2 ψ (A.32a)
yFB′ =
[
Rj
√
1
1 + (a
c
)2
−Rj
√
1
1 + ( b
c
)2
]
sinψ cosψ (A.32b)
and the following kinematic relationships can be imposed:
x′K = xFB′ − l11B sin θ∗11 = x∗O′ + d cos θ∗12 (A.33a)
z′K = zFB′ + l11B cos θ
∗
11 = z
∗
O′ − d sin θ∗12 (A.33b)
x′Z = x
∗
O′ − c cos θ∗12 + l13 sin θ∗13 = −l14 cos θ14 (A.33c)
z′Z = z
∗
O′ + c sin θ
∗
12 + l13 cos θ
∗
13 = −l14 sin θ14 + zO2 (A.33d)
The systems A.31 and A.33 are decoupled: mainly, they have eight unknowns,
provided coefficients a/c, b/c and d/c are known. Joining systems A.19, A.27,
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Figure A.13: Schematic view of the second flybar command chain analyzed
(from swashplate to paddles’ pitch), with rods lengths and
angles used in the mathematical model shown.
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A.31 and A.33, we have 21 equations in 21 unknowns (hereinafter, we suppose
to know flybar flapping angle βfb). In A.34 all the equations are reported
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together for the sake of simplicity.
x0E + l4 + sin(θE + θ0E)− l5 sin θ5 = RE
√
1
1 + (a
c
)2
(A.34a)
z0E − l4 + cos(θE + θ0E) + l5 cos θ5 = −a
c
RE
√
1
1 + (a
c
)2
− d
c
(A.34b)
x0P + l1 + sin(θP + θ0P ) + l2 cos θ2y sin θ2x = −RP
2
√
1
1 + (a
c
)2
(A.34c)
y0P + l2 sin θ2y =
√
3RP
2
√
1
1 + ( b
c
)2
(A.34d)
z0P − l1 + cos(θP + θ0P ) + l2 cos θ2y cos θ2x = a
c
RP
2
√
1
1 + (a
c
)2
−
b
c
√
3RP
2
√
1
1 + ( b
c
)2
− d
c
(A.34e)
x0A + l1 + sin(θA + θ0A) + l2 cos θ
∗
2y sin θ
∗
2x = −
RA
2
√
1
1 + (a
c
)2
(A.34f)
y0A − l2 sin θ∗2y = −
√
3RA
2
√
1
1 + ( b
c
)2
(A.34g)
z0A − l1 + cos(θA + θ0A) + l2 cos θ∗2y cos θ∗2x =
a
c
RA
2
√
1
1 + (a
c
)2
+
b
c
√
3RA
2
√
1
1 + ( b
c
)2
− d
c
(A.34h)
l10 cos θBL + l9 sin θ9 = y08 + b cos θBL (A.34i)
zAX − l10 sin θBL − l9 cos θ9 = z08 − b sin θBL (A.34j)
y08 − a cos θ8 = ySW + l7 cos θ7x sin θ7y (A.34k)
z08 + a sin θ8 = zSW + l7 cos θ7x cos θ7y (A.34l)
x¯G = xSW − l7 sin θ7x (A.34m)
xFB + l11A sin θ11 = xO′ − d cos θ12 (A.34n)
zFB + l11A cos θ11 = zO′ − d sin θ12 (A.34o)
xO′ + c cos θ12 − l13 sin θ13 = l14 cos θ14 (A.34p)
zO′ + c sin θ12 + l13 cos θ13 = l14 sin θ14 + zO2 (A.34q)
xFB′ − l11B sin θ∗11 = x∗O′ + d cos θ∗12 (A.34r)
zFB′ + l11B cos θ
∗
11 = z
∗
O′ − d sin θ∗12 (A.34s)
x∗O′ − c cos θ∗12 + l13 sin θ∗13 = −l14 cos θ14 (A.34t)
z∗O′ + c sin θ
∗
12 + l13 cos θ
∗
13 = −l14 sin θ14 + zO2 (A.34u)
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In the Simulink model, this system has been solved using Newton-Raphson
iterative procedure implemented in aMATLAB function block (in Listing A.1
an extract of the main MATLAB code is reported): knowing servo-motor po-
sitions, blade and flybar pitch can now be calculated. Referring to equations
A.24, A.21 and A.23, in this case f is a vector 21x1 (equation A.1):
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[ f] =
                                              
x
0
E
+
l 4
+
si
n
(θ
E
−
θ 0
E
)
−
l 5
si
n
θ 5
=
R
E
√
1
1
+
(
a c
)2
z 0
E
−
l 4
+
co
s(
θ E
−
θ 0
E
)
+
l 5
co
s
θ 5
=
−
a c
R
E
√
1
1
+
(
a c
)2
−
d c
x
0
P
+
l 1
+
si
n
(θ
P
−
θ 0
P
)
+
l 2
co
s
θ 2
y
si
n
θ 2
x
=
−
R
P 2
√
1
1
+
(
a c
)2
y 0
P
+
l 2
si
n
θ 2
y
=
√
3
R
P
2
√
1
1
+
(
b c
)2
z 0
P
−
l 1
+
co
s(
θ P
−
θ 0
P
)
+
l 2
co
s
θ 2
y
co
s
θ 2
x
=
a c
R
P 2
√
1
1
+
(
a c
)2
−
b c
√
3
R
P
2
√
1
1
+
(
b c
)2
−
d c
x
0
A
+
l 1
+
si
n
(θ
A
−
θ 0
A
)
+
l 2
co
s
θ∗ 2
y
si
n
θ∗ 2
x
=
−
R
A 2
√
1
1
+
(
a c
)2
y 0
A
−
l 2
si
n
θ∗ 2
y
=
−
√
3
R
A
2
√
1
1
+
(
b c
)2
z 0
A
−
l 1
+
co
s(
θ A
−
θ 0
A
)
+
l 2
co
s
θ∗ 2
y
co
s
θ∗ 2
x
=
a c
R
A 2
√
1
1
+
(
a c
)2
+
b c
√
3
R
A
2
√
1
1
+
(
b c
)2
−
d c
l 1
0
co
s
θ B
L
+
l 9
si
n
θ 9
=
y 0
8
+
b
co
s
θ B
L
z A
X
−
l 1
0
si
n
θ B
L
−
l 9
co
s
θ 9
=
z 0
8
−
b
si
n
θ B
L
y 0
8
−
a
co
s
θ 8
=
y S
W
+
l 7
co
s
θ 7
x
si
n
θ 7
y
z 0
8
+
a
si
n
θ 8
=
z S
W
+
l 7
co
s
θ 7
x
co
s
θ 7
y
x¯
G
=
x
S
W
−
l 7
si
n
θ 7
x
x
F
B
+
l 1
1
si
n
θ 1
1
=
x
O
′
−
d
co
s
θ 1
2
z F
B
+
l 1
1
co
s
θ 1
1
=
z O
′
−
d
si
n
θ 1
2
x
O
′
+
c
co
s
θ 1
2
−
l 1
3
si
n
θ 1
3
=
l 1
4
co
s
θ 1
4
z O
′
+
c
si
n
θ 1
2
+
l 1
3
co
s
θ 1
3
=
l 1
4
si
n
θ 1
4
+
z O
2
x
F
B
′
−
l 1
1
si
n
θ∗ 1
1
=
x
∗ O′
+
d
co
s
θ∗ 1
2
z F
B
′
+
l 1
1
co
s
θ∗ 1
1
=
z∗ O
′
−
d
si
n
θ∗ 1
2
x
∗ O′
−
c
co
s
θ∗ 1
2
+
l 1
3
si
n
θ∗ 1
3
=
−l
1
4
co
s
θ 1
4
z∗ O
′
+
c
si
n
θ∗ 1
2
+
l 1
3
co
s
θ∗ 1
3
=
−l
1
4
si
n
θ 1
4
+
z O
2
                                              
(A
.3
5)
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The Jacobian matrix J is a 21x21 square matrix. The only non-zero terms
are listed below:
J(1, 1) = −l2 sin θ2y sin θ2x
J(1, 2) = l2 cos θ2y cos θ2x
J(1, 6) = −RA
2
a/c
[1 + (a/c)2]1.5
J(2, 1) = l2 cos θ2y
J(2, 7) = −
√
3RA
2
b/c
[1 + (b/c)2]1.5
J(3, 1) = −l2 sin θ2y cos θ2x
J(3, 2) = −l2 cos θ2y sin θ2x
J(3, 6) = −RA
2
√
1
1 + (a/c)2
+
RA
2
(a/c)2
[1 + (a/c)2]1.5
J(3, 7) =
√
3
[
−RA
2
√
1
1 + (b/c)2
+
RA
2
(b/c)2
[1 + (b/c)2]1.5
]
J(3, 8) = 1
J(4, 3) = −l2 sin θ∗2y sin θ∗2x
J(4, 4) = l2 cos θ
∗
2y cos θ
∗
2x
J(4, 6) = −RA
2
a/c
[1 + (a/c)2]1.5
J(5, 3) = −l2 cos θ∗2y
J(5, 7) =
√
3RA
2
b/c
[1 + (b/c)2]1.5
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J(6, 3) = −l2 sin θ∗2y cos θ∗2x
J(6, 4) = −l2 cos θ∗2y sin θ∗2x
J(6, 6) = −RA
2
√
1
1 + (a/c)2
+
RA
2
(a/c)2
[1 + (a/c)2]1.5
J(6, 7) = −
√
3
[
−RA
2
√
1
1 + (b/c)2
+
RA
2
(b/c)2
[1 + (b/c)2]1.5
]
J(6, 8) = 1
J(7, 5) = −l5 cos θ5
J(7, 6) = RE
a/c
[1 + (a/c)2]1.5
J(8, 5) = −l5 sin θ5
J(8, 6) = RE
[√
1
1 + (a/c)2
− (a/c)
2
[1 + (a/c)2]1.5
]
J(8, 8) = 1
J(9, 9) = −l10 sin θbl
J(9, 10) = l9 cos θ9
J(9, 11) = b sin θ8
J(10, 9) = −l10 cos θbl
J(10, 10) = l9 sin θ9
J(10, 11) = b cos θ8
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J(11, 11) = a sin θ8
J(11, 12) = l7 sin θ7x sin θ7y
J(11, 13) = −l7 cos θ7x cos θ7y
J(12, 11) = a cos θ8
J(12, 12) = l7 sin θ7x cos θ7y
J(12, 13) = −l7 cos θ7x sin θ7y
J(13, 12) = l7 cos θ7x
J(14, 14) = l11 cos θ11
J(14, 15) = −d sin θ12
J(15, 14) = −l11 sin θ11
J(15, 15) = d cos θ12
J(15, 21) = −1
J(16, 15) = −c sin θ12
J(16, 16) = −l13 cos θ13
J(16, 17) = l14 sin θ14
J(17, 15) = c cos θ12
J(17, 16) = −l13 sin θ13
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J(17, 17) = −l14 cos θ14
J(17, 21) = 1
J(18, 18) = −l11 cos θ∗11
J(18, 19) = d sin θ∗12
J(19, 18) = −l11 sin θ∗11
J(19, 19) = d cos θ∗12
J(19, 21) = −1
J(20, 17) = −l14 sin θ14
J(20, 19) = c sin θ∗12
J(20, 20) = l13 cos θ
∗
13
J(21, 17) = l14 cos θ14
J(21, 19) = c cos θ∗12
J(21, 20) = −l13 sin θ∗13
J(21, 21) = 1
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1 I_max =10; % Maximum number of iterations
TOLL =0.001; % Tolerance
3 iter =0;
5 while iter <I_max
x_old=x;
7 [F]=fun(x,psi ,Comandi);
[J]=jacob(x);
9 x=x-(J\F);
if norm(x-x_old ,2)<TOLL*norm(x,2)
11 break
else
13 iter=iter +1;
end
15 end
Listing A.1: Implementation of Matlab code for iterative solution of main
rotor kinematic model.
In general, pitch can be written as:
θ = θ0 − A1 cosψ −B1 sinψ (A.36)
for the blade and
θ = −Afb1 cosψ −Bfb1 sinψ (A.37)
for the stabilizer bar. This forms are particularly useful to be used in blade
flapping and flybar flapping equation. So, solving the system A.34 for at
least four main value of azimuth angle ψ, the coefficients are as follows:
θ0 =
θ|ψ=0 + θ|ψ=pi
2
(A.38)
A1 = θ|ψ=pi − θ0 (A.39)
B1 = θ|ψ=3pi/2 − θ0 (A.40)
Afb1 =
θ|fbψ=3pi/2 − θ|fbψ=pi/2
2
(A.41)
Bfb1 =
θ|fbψ=0 − θ|fbψ=pi
2
(A.42)
In Figure A.14 and A.15 two solutions for different radio commands are
shown. Therefore, the difference between the mathematical solution and the
simplified formula can be valued.
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Figure A.14: Variation of pitch for one blade revolution obtained system for
the servos commands θA = 35 deg, θP = 20 deg, θE = 0 deg,
and comparison with simplified formula.
Figure A.15: Variation of pitch for one blade revolution obtained system for
the servos commands θA = 40 deg, θP = 0 deg, θE = 40 deg,
and comparison with simplified formula.
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A.2 Tail rotor
As for the main rotor, it is necessary to know tail rotor blade pitch to calculate
tail rotor thrust and, consequently, to simulate the yawing dynamics of the
helicopter. In this case only collective pitch is involved, there are no flybars
and the kinematic chain is shorter, so the mechanization is simpler than the
main rotor. In this section a mathematical model will be developed in order
to link tail servo-motor rotation θST to blade pitch θTR. In Figure A.16
and A.17 detailed views of tail rotor are shown. In Figure A.18 a simplified
scheme is reported, useful to define rods length and angles used afterwards
(see Table A.2).
Figure A.16: View of tail rotor (from T-REX 500 CAD model).
In order to link the movement of point DT with that of the point OT2,
only three equations are needed:
zOT + l3T + l4T sin θ3T − l8T sin θTR + l7T cos θ7T + l6T = 0 (A.43a)
−l4T + l3T sin θ3T + 18.3− l1T [sin θTR−0 + sin(θTR − θTR−0)] = 0 (A.43b)
l5T − l8T cos θTR − l7T sin θ7T = 0 (A.43c)
The A.43 is a close system of three equations in three unknowns, θ3T , θ7T and
θTR; it can be solved using the Newton-Raphson iterative method, as before
(in Listing A.2, MATLAB code is reported). The vector f and the Jacobian
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Figure A.17: View of tail rotor command chain without blades [7].
Table A.2: Tail rotor mechanization parameters used in the mathematical
model.
Parameter Value
l1T 11.4 mm
l2T 423 mm
l3T 18 mm
l4T 16 mm
l5T 11.9 mm
l6T 11.2 mm
l7T 8.3 mm
l8T 12.3 mm
zOT 38.2 mm
θST0 35 deg
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Figure A.18: Schematic view of tail rotor command chain arrangement,
with rods’ lengths and angles used in the mathematical model
shown.
matrix J are as follows:
[
f
]
=

zOT + l3T + l4T sin θ3T − l8T sin θTR + l7T cos θ7T + l6T = 0
−l4T + l3T sin θ3T + 18.3− l1T [sin θTR−0 + sin(θTR − θTR−0)] = 0
l5T − l8T cos θTR − l7T sin θ7T = 0

(A.44)
[
J
]
=

l4T cos θ3T −l7T sin θ7T −l8T cos θTR
l3T cos θ3T 0 0
0 −l7T cos θ7T l8T sin θTR

(A.45)
The only unknown that is worth knowing is the angle θTR: in Figure A.19
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the pitch is shown as a function of the whole range of rotation of the servo-
motor ST: it is a quasi-directly proportional relationship, symmetric about
the servo range.
Figure A.19: Tail rotor blade pitch as a function of the rotation of the tail
servo-motor ST.
1 I_max =10; % Maximum number of iterations
TOLL =0.001; % Tolerance
3 iter =0;
5 while iter <I_max
x_old=x;
7 [F]= fun_TR(x,theta_ST);
[J]= jacob_TR(x);
9 x=x-(J\F);
if norm(x-x_old ,2)<TOLL*norm(x,2)
11 break
else
13 iter=iter +1;
end
15 end
Listing A.2: Implementation of Matlab code for iterative solution of tail
rotor kinematic model.
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Derivation of blade flapping
equation
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B.1 Introduction
The following analysis has been made to obtain a differential equation for
blade flapping simulation and to study the effects on flapping dynamics of
main rotor design features. The analysis includes a study of the steady-state
flapping response with respect to control inputs.
The flapping equation of motion was derived explicitly for a two-blade ro-
tor, with hinge offset e, blade Lock number γ and stiffness of the flapping
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hinge Kβ. To develop analytic expressions, the following simplification and
assumptions have been used:
• Rotor blade is rigid in bending and torsion, with no twist (see Fig-
ure B.1); it can be considered a symmetric body (the shape of the
airfoils give a negligible contribute to centrifugal moments of inertia),
so its inertia tensor is a diagonal matrix;
• Command chain and blade elasticity are neglected;
• Command chain backlash is neglected (experimentally, it has been
demonstrated that it has great importance, but it cannot be predicted
in a simple analysis);
• Drag coefficient δ and lift coefficient a of airfoil are independent of local
blade angle of attack (mean values have been considered);
• Both the flapping angle and the inflow angle were assumed to be small
(i.e. low ratio T/A and high blade aspect ratio) and this analysis uses
simple Glauert theory;
• Lead-lag motion negligible: lead-lag dynamics, which is the result of
Coriolis forces induced by flapping motion, produce smaller forces on
the hub than flapping motion, and they will be ignored.
• The effects of the helicopter dynamic on the blade flapping were limited
to those due to the angular accelerations p˙ and q˙, the angular rates p
and q, z-axis acceleration w˙ and translation velocities u and v;
• The reversed flow region was ignored, as the compressibility and stall
effects;
• The inflow was assumed to vary according the Glauert theory:
vi = vi0 · (1 +Kivx cosψ) (B.1)
• Inflow dynamic was used according to Pitt-Peters model [14]: effects
on flapping dynamics are negligible and computational effort is high,
so it will not be considered any more;
• The tip loss factor was assumed to be 1; root-cutout effect is neglected;
Because of these assumptions, the results of this analysis are valid only
in a limited range of conditions; however it can be demonstrated that these
results are usually valid for rotorcraft simulation up to an advance ratio µ of
0.2.
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Figure B.1: Blade represented as a rigid beam, with flapping angle β. Also
shown are the aerodynamic, centrifugal and inertial forces act-
ing on a blade element of length dx and mass mdx, as well as
the moment from the flapping spring Kβ acting at the root of
the blade.
B.2 Derivation of flapping equation
Referring to local blade reference system, the angular speed of the blade
during motion can be expressed as:
[
Ω
]
=
[
Rhb2loc
]
·

p
q
r + Ω
+

−θ˙bl
−β˙
0
 (B.2)
where: [
Rhb2loc
]
=
R11 R12 R13R21 R22 R23
R31 R32 R33
 (B.3)
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where:
R11 = − cosψ cos β
R12 = − sinψ cos β
R13 = − sin β
R21 = − sin β sin θbl cosψ − cos θbl sinψ
R22 = − sin β sin θbl sinψ + cos θbl cosψ
R23 = cos β sin θbl
R31 = sin β cos θbl cosψ − sin θbl sinψ
R32 = sin β cos θbl sinψ + sin θbl cosψ
R33 = − cos β cos θbl
The absolute angular momentum is:
KO =
A 0 00 B 0
0 0 C
 · [−Ω]−mblOG× vO (B.4)
The Euler’s equations for blade dynamics are, generally:
K˙O = MO + ΨO + Q× vO (B.5)
Extracting the component according the j-axis, supposing that angles are
small and neglecting second order terms, we obtain the differential equation
for blade flapping:
β¨ +
[
Kβ
B
+ Ω2
(
1 +
mblxgeR
B
)]
β = −p˙ sinψ + q˙ cosψ+
−2Ω(q sinψ + p cosψ) ·
(
1 +
mblxgeR
B
)
+
+
mblxg
B
(w˙ − uq + pv) + MA/B · j
(B.6)
Before being able to calculate the forces and moments on the blade, it is
necessary to know the velocity components of the air relative to the blade.
The blade will be assumed to be a rigid beam with an elastic flapping hinge,
and only simplified theories about induced velocity and airfoil characteristic
will be used. It is sufficient to assume for the calculation of the aerodynamic
moment that the flapping hinge offset e is zero. The only velocity component
affected by the flapping hinge offset is that due to blade flapping, but, since
e is only 4% of the blade radius, the error is negligible. Neglecting the
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spanwise component of air velocity, it is usual to denote the component that
is tangential to the plane of no-feathering as UT , positive when blows from
the leading to the trailing edge, and the perpendicular component as UP ,
positive when blows from wing underside to the upper surface (Figure B.2):
UT = Ωr + V cosαHP sinψ (B.7)
UP = V sinαHP −V cosαHPβ cosψ− r dβ
dψ
−vi−p · r sinψ+ q · r cosψ (B.8)
Figure B.2: Velocity components at a blade section.
Defining:
λ′ = (V sinαHP − vi)/ΩR (B.9)
µ = (V cosαHP )/ΩR (B.10)
uT = UT/ΩR (B.11)
and
uP = UP/ΩR , (B.12)
equationB.7 and equationB.8 can be rewritten as:
uT = x+ µ sinψ (B.13)
uP = λ
′ − µβ cosψ − xdβ
dψ
− vi
ΩR
+
q
Ω
x cosψ − p
Ω
x sinψ (B.14)
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The induced velocity vi is assumed to vary accordingly Glauert’s formula,
vi = vi0 · (1 +Kivx cosψ) (B.15)
where vi0 is the induced velocity at the rotor center (disk actuator theory),
x = r/R and Kiv is the induced velocity coefficient, according to Payne
(1959, [16] and [5]):
Kiv =
4
3
µ/λ
1.2 + µ/λ
(B.16)
The blade pitch changes according the equation B.17:
θ = θ0 − A1 cosψ −B1 sinψ (B.17)
The aerodynamic flapping moment dMA about the hinge due to elementary
lift is:
dMA =
1
2
ρaU2T
(
θ +
UP
UT
)
crdr (B.18)
Substituting previous expression for velocities, we obtain:
dMA =
1
2
ρacΩ2R4
[
θ · (µ cosψ + x)2 +
(
λ′ − µβ cosψ − x·
dβ
dψ
)
·(x+ µ sinψ)
]
−θ · (µ sinψ + x)2 −
(
λ′ − µβ cosψ − x
·dβ
dψ
)
·(x+ µ sinψ)
]
xdx
(B.19)
Expanding equationB.19, integrating and neglecting the terms containing e3,
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e4, . . . and higher terms, we obtain:
MA =
1
2
ρacΩ2R4
{[
1
4
− e
2
+ µ sinψ·(
2
3
− e+ 1
2
µ sinψ − eµ sinψ + 1
2
µe2 sinψ
)]
·
(θ0 −B1 sinψ − A1 cosψ) +
[
1
3
− e
2
+ µ sinψ·(
1
2
− e+ e
2
2
)]
·λ−
[
1
3
− e
2
+ µ sinψ·(
1
2
− e+ e
2
2
)]
·µβ cosψ −
[
1
4
− 2e
3
+
e2
2
+
µ sinψ ·
(
1
3
− e+ e2
)]
·dβ
dψ
+
[
1
4
− e
3
+
µ sinψ ·
(
1
3
− e
2
)]
·
[
−
(
p
Ω
cos βw +
q
Ω
sin βw
)
sinψ
−
(
p
Ω
sin βw − q
Ω
cos βw
)
cosψ
]
−
[
1
4
− e
3
+
µ sinψ ·
(
1
3
− e/2
)]
·λiKiv cosψ
}
(B.20)
The aerodynamic moment MA depends on the aero-mechanical parameters
of the helicopter blade, as expected. Then, using equation B.6 on page 127
and equationB.20, and rearranging, we obtain the differential equation of
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blade flapping:
β¨ +
[
Kβ
B
+ Ω2
(
1 +
mblxgeR
B
)]
β = −p˙ sinψ+
q˙ cosψ − 2Ω(q sinψ + p cosψ) ·
(
1 +
mblxgeR
B
)
+
mblxg
B
(w˙ − uq + pv) + γ
2
Ω2B
{[
1
4
− e
2
+
µ sinψ ·
(
2
3
− e+ 1
2
µ sinψ − eµ sinψ + 1
2
µe2 sinψ
)]
·(θ0 −B1 sinψ − A1 cosψ) +
[
1
3
− e
2
+ µ sinψ·(
1
2
− e+ e
2
2
)]
·λ−
[
1
3
− e
2
+ µ sinψ ·
(
1
2
− e+ e
2
2
)]
·
µβ cosψ −
[
1
4
− 2e
3
+
e2
2
+ µ sinψ ·
(
1
3
− e+ e2
)]
·dβ
dψ
+[
1
4
− e
3
+ µ sinψ ·
(
1
3
− e
2
)]
·[
−
(
p
Ω
cos βw +
q
Ω
sin βw
)
sinψ −
(
p
Ω
sin βw − q
Ω
cos βw
)
cosψ
]
−[
1
4
− e
3
+ µ sinψ ·
(
1
3
− e/2
)]
·λiKiv cosψ
}
(B.21)
Using the nondimensional derivatives:
β¨ =
d2β
dt2
= Ω2
d2β
dψ2
= Ω2 · β¯ (B.22)
β˙ =
dβ
dt
= Ω
dβ
dψ
= Ω · β¯ , (B.23)
the equation B.21 may be rewritten in nondimensional form. The result
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becomes:
β¯ +
γ
2
[
1
4
− 2
3
e+
e2
2
+
(
1
3
− e+ e2
)
·µ sinψ
]
β¯+
+
{
1 +
mblxgeR
B
+
Kβ
BΩ2
+
γ
2
[
1
3
− e
2
+
+
(
1
2
− e+ e
2
2
)
·µ cosψ
]}
β = − p˙
Ω2
sinψ+
+
q˙
Ω2
cosψ − 2
(
q
Ω
sinψ +
p
Ω
cosψ
)
·
(
1 +
mblxgeR
B
)
+
+
mblxg
BΩ2
(w˙ − uq + pv) + mblxgg
BΩ2
+
γ
2
{[
1
4
− e
2
+
+µ sinψ ·
(
2
3
− e+ 1
2
µ sinψ − eµ sinψ + 1
2
µe2 sinψ
)]
·
·(θ0 −B1 sinψ − A1 cosψ) +
[
1
3
− e
2
+ µ sinψ·
·
(
1
2
− e+ e
2
2
)]
·λ+ γ
2
(
1
4
− e
3
)
·
[
−
(
p
Ω
cos βw+
+
q
Ω
sin βw
)
sinψ −
(
p
Ω
sin βw − q
Ω
cos βw
)
cosψ
]
+
+
γ
2
µ
(
2
3
− e
)
·
[
−
(
p
Ω
cos βw +
q
Ω
sin βw
)
(1− cos 2ψ)−
(
p
Ω
sin βw − q
Ω
cos βw
)
sin 2ψ
]
+
−
[
1
4
− e
3
+ µ sinψ ·
(
1
3
− e/2
)]
·λiKiv cosψ
}
(B.24)
EquationB.24 is a linear equation with periodic coefficients and there is no
known solution in closed form. Moreover, it is valid only for the advanc-
ing region, since in the reverse flow area the lift and flapping moment are
incorrectly evaluated: this is a negligible error, however.
B.3 Tip-path plane dynamics
B.3.1 Derivation of matrix-form equations
To obtain a simplified and more practical form of the equation for numerical
simulation, the flapping is approximated by the first-harmonic terms with
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time varying coefficients, as in equation B.25
β(t) = a0(t)− a1s(t) cosψ − b1s(t) sinψ , (B.25)
where a0(t), a1s(t) e b1s(t) are the blade flapping coefficients [6]. Equating,
respectively, the constant terms and the terms with sinψ and cosψ in the
equation B.24 using equation B.25, it yields the tip-path plane dynamics
equations:
a¨ + Ω D a˙ + Ω2 K a = f , (B.26)
where a is the unknowns vector, D is the damping matrix, K is the stiffness
matrix and f is the forcing function, shown more explicitly in equations B.27,
B.28, B.29, B.30, B.31, B.32 and B.33.
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          a¨ 0 a¨ 1s b¨ 1s
          +Ω
·[ D]
          a˙ 0 ˙a 1s ˙ b 1s
          +Ω
2
·[ K
]          a
0
a
1
s
b 1
s
          =
Ω
2
[ f com
m
]          θ
0
A
1
B
1
          +Ω
2
·[ f a
n
g
]               p
w q w p˙ w q˙ w
               +Ω
2
·[ f λ
]     λ λ
i     +
[ f mi
sc
] (B
.2
7)
w
he
re
:
[ D]
=
          γ 2(1
/4
−
2/
3e
+
1/
2e
2
)
0
−
γ 4
µ
(1
/3
−
e
+
e2
)
0
γ 2
(1
/4
−
2/
3e
+
1/
2e
2
)
2
−
γ 2
µ
(1
/3
−
e
+
e2
)
−2
γ 2
(1
/4
−
2/
3e
+
1/
2e
2
)          
(B
.2
8)
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[ K]
=
          
P
2
γ 4
µ
(−
e 2
+
e2
)
0
−
γ 2
µ
(1 3
−
e 2
)
P
2
−
1
γ 2
(1 4
−
2 3
e
+
e2 2
)
+
γ 8
µ
2
(1 2
−
e
+
e2 2
)
0
−
γ 2
(1 4
−
2 3
e
+
e2 2
)
+
γ 8
µ
2
(1 2
−
e
+
e2 2
)
P
2
−
1
          
(B
.2
9)
[ f com
m
] =
          γ 2(1 4
−
e 3
)
+
γ 4
µ
2
(1 2
−
e
+
e2 2
)
0
−
γ 2
µ
(1 3
−
e 2
)
0
γ 2
(1 4
−
e 3
)
+
γ 8
µ
2
(1 2
−
e
+
e2 2
)
0
−
γ 2
µ
(2 3
−
e)
0
γ 2
(1 4
−
e 3
)
+
3
γ 8
µ
2
(1 2
−
e
+
e2 2
)          
(B
.3
0)
[ f an
g
] =
          −γ 8
Ω
µ
(2
/3
−
e)
0
0
0
2 Ω
(1
+
m
b
lx
g
eR
B
)
−
γ 2
Ω
(1
/4
−
e/
3)
0
−
1 Ω
2
γ 2
Ω
(1
/4
−
e/
3)
2 Ω
(1
+
m
b
lx
g
eR
B
)
1 Ω
2
0
          
(B
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1)
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[ f λ]
=
          
γ 2
(1
/3
−
e/
2)
0
0
γ 2
K
iv
(1
/4
−
e/
3)
−
γ 2
µ
(1
/2
−
e
+
e2
/2
)
0
          
(B
.3
2)
[ f mi
sc
] =
          m bl
x
g
B
(w˙
−
u
q
+
pv
−
g
)
0 0
          
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3)
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where:
P 2 = 1 +
Kβ
Ω2Bbl
+
mbleRxg
Bbl
B.3.2 Characteristics of flapping dynamics
There are three natural modes in the tip-path plane dynamics: coning, ad-
vancing and regressing. The regressing flapping mode is most important
concerning the effect of rotor dynamics on helicopter dynamics. The regress-
ing flapping mode is the lowest frequency mode of the three and it has a
tendency to couple into the fuselage modes (important also for full-scale he-
licopters). It is a precession-type motion of the rotor cone [19]. The other
two modes have higher undamped natural frequency. The coning mode is
a variation, mainly due to collective pitch, of the rotor cone apex angle a0;
the advancing mode is a nutation-type motion. There is an interesting cor-
respondence between blade flapping and earth motion: the precession and
nutation of earth axis correspond to the regressing and advancing modes,
respectively (Figure B.3). To better understand the characteristics of the
flapping dynamics, hover conditions will be analyzed first. At hover, the
coning equation decouples (see equation B.27), and the undamped natural
frequency ωc and the damping ratio ζc are, respectively:
ωc = Ω · P = Ω ·
√
1 +
Kβ
Ω2Bbl
+
mbleRxg
Bbl
(B.34)
ζc =
γ
4P
(1/4− 2/3e+ e2/2) (B.35)
For the T-REX 500:
ωc ≈ 242.06 rad sec−1 (B.36)
ζc ≈ 0.131 (B.37)
In Table B.1 the poles of the three modes are reported. As it can be seen,
the regressing flapping mode is the lowest frequency mode of the three. The
coning mode has a undamped natural frequency on the order of rotating
frequency. The advancing mode has a undamped natural frequency on the
order twice of rotating frequency of the rotor system. In Figure B.4, the pole
map for hover condition is shown.
In forward flight, the coning equation is no longer decoupled from the
others. Figure B.5 shows the effect of the advance ratio on the eigenvalues
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Figure B.3: Parallelism between blade flapping dynamics and earth axis
motion.
Table B.1: Characteristic roots of the blade flapping model, normalized
with the rotor rotating frequency Ω.
Poles Damping Frequency Mode
−0.123± 0.0742i 0.856 0.143 Regressing mode
−0.123± 1.07i 0.114 1.08 Coning mode
−0.123 + 2.07i 0.0591 2.08 Advancing mode
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Figure B.4: Characteristic eigenvalues of the tip-path plane dynamics, nor-
malized with the rotor rotating frequency Ω.
of the three modes. As shown, the tip-path plane dynamics is not so influ-
enced by the variation of the advance speed. As illustrated in [6], the most
significant parameters to modify the flapping dynamics are the Lock number
γ, the hinge offset e and the elastic hinge restraint Kβ. In Figure B.7, B.6
and B.8, the position of the characteristic poles of the flapping dynamics in
hover condition is shown for a realistic range of γ, e and Kβ, respectively.
Note that reducing the frequency of the regressing mode leads to a signifi-
cant impact of the flapping dynamics on the handling characteristics of the
rotorcraft.
A simplified model based on this observations can be obtained. As shown
in [30], a model that fit the low frequency region very well can be achieved
by putting the second derivative a¨ to zero:
a˙ = Ω D−1 K a +
1
Ω
D−1 f (B.38)
In Table B.2 the position of poles for the three modes for the reduced model
is shown at hover.
In hovering condition, the first equation for the coning angle is decoupled
from the others. The free motion equation for the coning angle is as follows:
a˙0 + Ω
2P 2
γ(0.25− 2/3e+ e2/2) a0 = 0 (B.39)
The real pole of the coning, normalized with the rotor rotating frequency Ω,
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Figure B.5: Effect of advance ratio µ (from 0 to 0.2) on tip-path plane
dynamics.
Figure B.6: Effect of hinge offset e (from 0 to 0.1) on tip-path plane dy-
namics.
Table B.2: Characteristic roots of the first-order blade flapping model, nor-
malized with the rotor rotating frequency Ω.
Poles Damping Frequency Mode
−0.131± 0.0684i 0.887 0.148 Regressing mode
−4.76 1 4.76 Coning mode
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Figure B.7: Effect of Lock number γ (from 1 to 20) on tip-path plane dy-
namics.
Figure B.8: Effect of hinge restraint stiffness Kβ (from 10 N m rad−1 to
200 N m rad−1) on tip-path plane dynamics.
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is:
pc = − 2P
2
γ(0.25− 2/3e+ e2/2) ≈ −4.76 (B.40)
In Figure B.9, the comparison between the position of the characteristic
eigenvalues of the second-order model and the first-order model is reported
for hovering condition. In Figure B.10 the comparison between the time re-
sponses of the two model to an equal command input. As it can be seen, the
advancing mode (i.e. the complex poles with highest frequency) produces
a nutation-type motion of the blade in the initial transient, that cannot be
"caught" with the reduced order model. The reduced order model generally
represents very well the tip-path plane dynamics, with less computational
time required: so it will be implemented in the simulation software of the
T-REX 500.
B.3.3 Steady-state motion
It is interesting to evaluate the steady-state motion of the blade in forward
flight, corresponding to a given collective and cyclic pitch angle, tip speed
ratio and inflow ratio. To do this, we assume that the transient response is
stable and periodic and can be expressed as:
β = a0 − a1s cosψ − b1s sinψ − a2s cos 2ψ − b2s sin 2ψ − . . . , (B.41)
remembering that β is defined relative to the hub-plane. This expression is
substituted into equation B.24 on page 132 and, assuming that it represents
a solution, the coefficients of the terms in sinψ, cosψ, . . . on the left-hand
and right-hand term sides of equationB.24 can be equated [2]. If we consider
only the constant term and the two first harmonic terms, we obtain:
a0 =
γ
8(1 + +
Kβ
BΩ2
)
·
[
θ0(1+µ
2−2e)+
(
4
3
−2e
)
(λ−µB1)+ 2
3
µa1s
]
(B.42)
a1s =
2µ[(4/3− 2e)θ0 + λ(1− 2e)]− [1− 2e− µ2(1/2− e)]B1
1− 8/3e− µ2/2(1− 2e) +
+
8(+
Kβ
BΩ2
)
γ(1− 8/3e− µ2/2(1− 2e))b1s
(B.43)
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(a) Overall view
(b) Zoom view
Figure B.9: Comparison between eigenvalues position of the reduced and
unreduced tip-path plane model (normalized with the rotor ro-
tating frequency Ω).
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Figure B.10: View of developed Simulink model.
b1s =
(4/3− 2e)µa0 + (1− 4/3e)λiKiv + [1− 2e+ µ2(1/2− e)]A1
1− 8/3e+ µ2/2(1− 2e) +
− 8(+
Kβ
BΩ2
)
γ(1− 8/3e+ µ2/2(1− 2e))a1s
(B.44)
where:
 =
mblxgeR
B
(B.45)
Higher order flapping coefficients can be obtained by considering higher har-
monics of the flapping motion, but it is found that their importance and
magnitudes decrease rapidly with order of harmonic. For the purpose of
simulation of small-scale helicopters, they have negligible effect. The coning
angle a0 is proportional to Lock number:
γ =
ρacR4
B
(B.46)
The bigger is the ratio of the moment of aerodynamic forces and inertial
forces (that is, the bigger is the blade thrust), the bigger is the coning angle.
The angle a1s has four contributes: the first one
2µ[(4/3− 2e)θ0 + λ(1− 2e)]
1− 8/3e− µ2/2(1− 2e) (B.47)
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arises from the difference of dynamic pressure between the advancing side
and the retreating side; the second one
− [1− 2e− µ
2(1/2− e)]
1− 8/3e− µ2/2(1− 2e)B1 (B.48)
is due to the cyclic command B1: when the non-feathering plane tilts for-
ward (positive command B1), the tip-path plane tends to follow it (angle a1s
decreases); finally, the last contribute
8(+
Kβ
BΩ2
)
γ(1− 8/3e− µ2/2(1− 2e))b1s (B.49)
is due to the hinge elastic restraint and hinge offset (the blade natural fre-
quency is greater than Ω).
The angle b1s has four main contributes, too. The term
(4/3− 2e)µa0
1− 8/3e+ µ2/2(1− 2e) (B.50)
represents the aerodynamic moment arising from the difference of angle of
attack for the blade at ψ = 0 deg and ψ = 180 deg due to coning angle a0;
the term:
(1− 4/3e)λiKiv
1− 8/3e+ µ2/2(1− 2e) (B.51)
is due to the asymmetric distribution of induced velocity, as assumed by
Glauert theory. The contribute:
[1− 2e+ µ2(1/2− e)]A1
1− 8/3e+ µ2/2(1− 2e) (B.52)
is due to th cyclic lateral command A1: when the non-feathering plane tilts
on the left (positive command A1), the tip-path plane tends to follow it (angle
b1s increases). Finally, the term:
− 8(+
Kβ
BΩ2
)
γ(1− 8/3e+ µ2/2(1− 2e))a1s (B.53)
is due to the blade natural frequency greater than Ω.
At low speed, the contribution of the induced velocity is predominant. At
high speed, the term due to coning grows almost proportionally with µ, while
the contribution of the induced velocity decreases rapidly, as the velocity be-
comes gradually more homogeneous.
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Derivation of flybar flapping
equation
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C.1 Introduction
The following analysis has been made to obtain a differential equation for
stabilizer bar simulation in order to study its effects on helicopter perfor-
mance and dynamics. The analysis includes a study of the characteristics in
the frequency domain and the steady-state flapping response with respect to
control inputs and flight parameters.
The flapping equation of motion was derived explicitly for the flybar of the
T-REX 500, with blade Lock number γfb and lift coefficient afb (Figure C.1).
Its drag will not be considered here: the blade drag coefficient δ already
146
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includes flybar contribution. This analysis can be also extended for flybars
with similar shape and similar constraint with main rotor. Developing an-
alytic expressions, the following simplification and assumptions have been
used:
• Flybar is rigid in bending and torsion, moving about a hinge system
centered with the rotor axis; it can be considered a symmetric body (the
shape of the paddles’ airfoils give a negligible contribute to centrifugal
moments of inertia), so its inertia tensor is a diagonal matrix.
• Command chain elasticity and backlash are neglected;
• Lift coefficient afb of airfoil independent of local angle of attack (mean
values have been considered);
• Both the flapping angle and the inflow angle were assumed to be small
(i.e. low ratio T/A and high blade aspect ratio for the main rotor) and
this analysis uses simple Glauert theory;
• The effects of the helicopter dynamic on the flybar flapping were limited
to those due to the angular accelerations p˙ and q˙ and the angular rates
p and q;
• The reversed flow region was ignored, as the compressibility and stall
effects;
• The inflow was assumed to vary according the Glauert theory:
vi = vi0 · (1 +Kivx cosψ) (C.1)
C.2 Derivation of flapping equation
The absolute angular momentum (centroid coincident to pole O) is as follows:
KO = Kω =
Afb 0 00 Bfb 0
0 0 Cfb
 ·
−Ω sin βfb˙βfb
Ω cos βfb
 (C.2)
The Euler’s equation, about the center of the shaft O, is:
K˙O = −AΩ ˙βfb cos βfbi− CΩ ˙βfb sin βfbk +Bβ¨fbj+[−Ω sin βfb ˙βfb Ω cos βfb
KO · i KO · j KO · k
]−Ω sin βfb˙βfb
Ω cos βfb
 = MA (C.3)
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Figure C.1: View of T-REX 500 main rotor with flybar.
whereMA is the total contribution of aerodynamic forces to external moment.
Expanding the j component of the previous equations,
β¨fb + Ω
2 cos βfb sin βfb = p˙ cosψ + q˙ sinψ+
+2Ω(q cosψ − p sinψ) + MA/B · j
(C.4)
The flybar flapping angle βfb is assumed to be small, so, using the nondi-
mensional derivatives:
β¨fb =
d2βfb
dt2
= Ω2
d2βfb
dψ2
= Ω2 · β¯fb (C.5)
˙βfb =
dβfb
dt
= Ω
dβfb
dψ
= Ω · β¯fb (C.6)
Equation C.4 can be rewritten in the nondimensional form. The result is:
β¯fb + βfb =
p˙
Ω2
cosψ +
q˙
Ω2
sinψ +
2
Ω
(q cosψ − p sinψ) + MA
BΩ2
· j (C.7)
Now it’s necessary to calculate the external aerodynamic moment. As for
the blade (see B), the velocity along and perpendicular the paddle’s chord
line are:
UT = ΩlP − V cosαHP cosψ (C.8)
UP = V sinαHP − V cosαHPβ sinψ − lP ˙βfb − vi+
+p · lP cosψ + q · lP sinψ
(C.9)
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In nondimensional form:
uT = x− µ cosψ (C.10)
uP = λ
′ − µβ sinψ − xdβfb
dψ
− vi
ΩR
+
p
Ω
x cosψ +
q
Ω
x sinψ (C.11)
The induced velocity vi is assumed to be accordingly Glauert’s formula,
vi = vi0 · (1 +Kivx sinψ) (C.12)
where vi0 is the induced velocity at the rotor center, x = r/R and Kiv is the
induced velocity coefficient, according to Payne (1959, [16] and [5]):
Kiv =
4
3
µ/λ
1.2 + µ/λ
(C.13)
It is also assumed that flybar pitch can be written as:
θ = −A1 sinψ +B1 cosψ (C.14)
In differential form, the aerodynamic moment is equal to:
dMA =
1
2
ρafb
{[
U2T
(
θ +
UP
UT
)]
ψ¯
−
[
U2T
(
θ +
UP
UT
)]
ψ¯+pi
}
crdr (C.15)
Substituting equationC.10 and equationC.11 in equationC.15, we obtain:
dMA =
1
2
ρafbcΩ
2R4
{[
θ · (−µ cosψ + x)2 +
(
λ′ − µβfb sinψ − x·
dβfb
dψ
)
·(x− µ cosψ)
]
ψ¯
−
[
θ · (µ cosψ + x)2 −
(
λ′ + µβfb sinψ − x
·dβfb
dψ
)
·(x+ µ cosψ)
]
ψ¯+pi
}
xdx
(C.16)
Integrating, the total aerodynamic moment MA is equal to:
MA =
1
2
ρafbcfbΩ
2R4
{(
1− e4fb
2
+ µ2 cos2 ψ · (1− e2fb)
)
·(B1 cosψ − A1 sinψ) + µ2βfb cosψ sinψ(1− e2fb)+
−dβfb
dψ
· 1− e
4
fb
2
− λiKiv sinψ ·
1− e4fb
2
+
−µλ cosψ(1− e2fb) +
(
pw
Ω
cosψ +
qw
Ω
sinψ
)
·
(
1− e4fb
2
)}
(C.17)
APPENDIX C. FLYBAR FLAPPING EQUATION 150
Then, using equation C.4 on page 148 and equationC.17, and rearranging,
we obtain the differential equation of the stabilizer bar flapping:
β¨fb + Ω
2βfb = p˙ cosψ + q˙ sinψ + 2Ω(q cosψ − p sinψ)+
+
1
2
ρafbcfbΩ
2R4
{(
1− e4fb
2
+ µ2 cos2 ψ · (1− e2fb)
)
·(B1 cosψ − A1 sinψ) + µ2βfb cosψ sinψ(1− e2fb)+
−dβfb
dψ
· 1− e
4
fb
2
− λiKiv sinψ ·
1− e4fb
2
+
−µλ cosψ(1− e2fb) +
(
pw
Ω
cosψ +
qw
Ω
sinψ
)
·
(
1− e4fb
2
)}
(C.18)
In nondimensional form:
β¯fb + βfb =
p˙w
Ω2
cosψ +
q˙w
Ω2
sinψ +
2
Ω
(qw cosψ − pw sinψ)+
+
γ
2
{(
1− e4fb
2
+ µ2 cos2 ψ · (1− e2fb)
)
·(B1 cosψ − A1 sinψ) + µ2βfb cosψ sinψ(1− e2fb)+
−β¯fb ·
1− e4fb
2
− λiKiv sinψ ·
1− e4fb
2
+
−µλ cosψ(1− e2fb) +
(
pw
Ω
cosψ +
qw
Ω
sinψ
)
·
(
1− e4fb
2
)}
(C.19)
C.3 Stabilizer bar dynamics
C.3.1 Derivation of matrix-form equations
EquationC.19 is a linear equation with periodic coefficients and there is no
known solution in closed form. To obtain a simplified and more practical
form of the equation, the flapping is approximated by the first-harmonic
terms with time varying coefficients, as in equation C.20:
βfb(t) = −afb1 (t) cosψ − bfb1 (t) sinψ (C.20)
Equating, respectively, the constant terms and the terms with sinψ and cosψ
in the equation C.19 using equation C.20, yields the tip-path plane dynamics
equations:
a¨fb + Ω Dfb ˙afb + Ω
2 Kfb afb = ffb (C.21)
where afbis the unknowns vector, Dfb is the damping matrix, Kfb is the
stiffness matrix and ffb is the forcing function, shown more explicitly in
equations C.22, C.23, C.24, C.25, C.26 and C.27.
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     ¨ afb 1 ¨ bfb 1
     +
Ω
·[ D
f
b
]     
˙
a
f
b
1 ˙ bf
b
1
     +
Ω
2
·[ K
f
b
]     a
f
b
1 bf
b
1
     =
Ω
2
[ f com
m
]     A
1
B
1
     +
Ω
2
·[ f a
n
g
]               p
w q w p˙ w q˙ w
               +
Ω
2
·[ f λ
]     λ λ
i     
(C
.2
2)
[ D fb
] =
     γ 4(1
−
e4 f
b
)
2
−2
γ 4
(1
−
e4 f
b
)     
(C
.2
3)
[ K fb
] =
     
0
γ 4
( 1−
e4 f
b
−
µ
2 2
(1
−
e2 f
b
))
γ 4
( −1
+
e4 f
b
−
µ
2 2
(1
−
e2 f
b
))
0
     
(C
.2
4)
APPENDIX C. FLYBAR FLAPPING EQUATION 152
[ f com
m
] =
     
0
−
γ 2
[ 1−e4 f
b
2
+
3 4
µ
2
(1
−
e2 f
b
)]
γ 2
[ 1−e4 f
b
2
+
µ
2 4
(1
−
e2 f
b
)]
0
     
(C
.2
5)
[ f an
g
] =
     −γ 4
Ω
(1
−
e4 f
b
)
−
2 Ω
−
1 Ω
2
0
2 Ω
−
γ 4
Ω
(1
−
e4 f
b
)
0
−
1 Ω
2
     
(C
.2
6)
[ f λ]
=
     γ 2µ(
1
−
e2 f
b
)
0
0
γ 4
K
iv
(1
−
e4 f
b
)     
(C
.2
7)
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Table C.1: Characteristic roots of the stabilizer bar flapping dynamics, nor-
malized with the rotor rotating frequency Ω.
Poles Damping Frequency [rad/sec] Mode
−0.0232± 0.000270i 0.999 0.0232 Low frequency mode
−0.0232± 2.00i 0.0116 2 High frequency mode
C.3.2 Characteristics of flapping dynamics
As opposed to the blade flapping dynamics, there are only two modes in the
stabilizer bar dynamics, advancing and regressing. The regressing flapping
mode is the lowest frequency mode of the two and it is the most important
regarding the effect of the flybar on the helicopter dynamics. The advanc-
ing mode has a undamped natural frequency on the order twice of rotating
frequency of the rotor system. In Table C.1 the poles of the two modes are
reported. In Figure C.2 the pole map for hover condition is shown.
Figure C.2: Characteristic eigenvalues of the stabilizer bar dynamics, nor-
malized with the rotor rotating frequency Ω.
Figure C.3 shows the effect of the advance ratio on the eigenvalues of
the characteristic modes. As shown, the stabilizer bar dynamics is not so
influenced by the variation of the rotorcraft speed.
C.3.3 Steady-state motion
It is interesting to evaluate the steady-state flapping of the flybar in forward
flight, corresponding to a given cyclic pitch angle and tip speed ratio. To do
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Figure C.3: Effect of advance ratio µ on the low frequency poles of the stabi-
lizer bar flapping dynamics, normalized with the rotor rotating
frequency Ω.
this, we assume that the transient response is stable and periodic and can be
expressed as:
βfb = −afb1 cosψ − bfb1 sinψ − afb2 cos 2ψ − bfb2 sin 2ψ − . . . , (C.28)
remembering that βfb is defined relative to the hub-plane. This expression is
substituted into equation C.19 on page 150 and, assuming that it represents
a solution, the coefficients of the terms in sinψ, cosψ, . . . on the left-hand
and right-hand term sides of equationC.19 can be equated [2]. If we consider
only the constant term and the two first harmonic terms, we obtain:
afb1 =
−λiKiv(1− e4fb)/2
1−e4fb
2
+
µ2(1−e2fb)
4
− A1 (C.29)
bfb1 =
µλ(1− e2fb)
1−e4fb
2
− µ2(1−e
2
fb)
4
−B1 (C.30)
Higher order flapping coefficients can be obtained by considering higher har-
monics of the flapping motion, but it is found that their importance and
magnitudes decrease rapidly with order of harmonic. For the purpose of this
thesis, they have negligible effects.
Appendix D
Evaluation of thrust and inflow
ratio λ
The thrust coefficient is given by:
tc =
T
ρsAΩ2R2
(D.1)
where:
s =
2c
piR
(D.2)
is the blade solidity for a two-bladed rotor.
Assuming an uniform inflow on the rotor disk, the inflow velocity vi0 is given
by (Figure D.1, [2]):
vi0 =
T
2ρAηwΩR
√
µ2 + (µz − λi0)2
(D.3)
where ηw is the coefficient of non-ideal wake contraction (according to the
momentum theory, the rotor wake far downstream contracts by a factor of
two: this parameter accounts for non-uniform velocity and pressure distribu-
tion in the wake) and µz is the normal airflow component (induced flow not
included):
µz =
w − wwind
ΩR
(D.4)
In nondimensional form, equation D.3 becomes:
λi0 =
stc
2ηw
√
µ2 + (µz − λi0)2
=
stc
2ηw
√
µ2 + λ2
(D.5)
The rotor thrust can be expressed as [2]:
tc =
a
4
[
θ0
(
2
3
+ µ2
)
+µz − λi0
]
=
a
4
[
θ0
(
2
3
+ µ2
)
+λ
]
(D.6)
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Figure D.1: Flow interpretation of Glauert’s formula.
The equations D.5 and D.6 are a system of equations, with λi0 and tc as
unknowns. In this analysis, the Newton-Raphson iterative method will be
used. In this case, we have:
[
f
]
=

λi0 − stc
2ηw
√
µ2+λ2
tc − a4
[
θ0(
2
3
+ µ2) + λ
]
 (D.7)
and [
J
]
=

1−
stcλ
2ηw
√
µ2+λ2
µ2+λ2
− s
2ηw
√
µ2+λ2
a
4
1
 (D.8)
Note that at hover the denominator of equation D.5 is zero when the vertical
velocity is equal to the inflow velocity [13]. This condition corresponds to a
vortex-ring state, which cannot be predicted and modeled with the momen-
tum theory. In general, for full-scale helicopters, this condition is avoided in
flight because it leads to a loss of control. This mathematical model does not
represent the helicopter dynamics when vortex ring conditions exist in main
rotor or tail rotor, but it is generally adequate for estimating steady-state
main rotor thrust both at hover and in fast forward flight.
To account for blade stall, the following upper and lower limits have been set
[31]:
tc =

tc if − tmaxc ≤ tc ≤ tmaxc
−tmaxc if tc < −tmaxc
tmaxc if tc > t
max
c
(D.9)
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where:
tmaxc =
Tmax
ρsAΩ2R2
=
2.5mg
ρsAΩ2R2
(D.10)
Appendix E
Evaluation of tail rotor thrust
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E.1 Iterative algorithm
The tail rotor thrust coefficient is given by:
ttrc =
Tt
ρstrAtrΩ2trR
2
tr
(E.1)
where:
str =
2ctr
piRtr
(E.2)
is the tail rotor blade solidity for a two-bladed rotor.
Assuming an uniform inflow on the rotor disk (strong assumption), the inflow
velocity vtri0 is given by (Figure D.1, [2]):
vtri0 =
Tt
2ρAtrΩtrRtr
√
µ2tr + (µz−tr − λtri0)2
(E.3)
where µtr is the tail rotor advance ratio and µz−tr is the normal airflow
component (induced flow not included), as follows:
µtr =
√
u2 + (w + ltrq −KtrλtrioΩtrRtr)2
ΩtrRtr
(E.4)
µz−tr =
v − ltrr + htrp
ΩtrRtr
(E.5)
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In nondimensional form, equation E.3 becomes:
λtri0 =
strt
tr
c
2
√
µ2tr + (µz−tr − λtri0)2
(E.6)
The rotor thrust can be expressed as a function of inflow and blade pitch as
[2]:
ttrc =
atr
4
[
θtr0
(
2
3
+ µ2tr
)
+µz−tr − λtri0
]
(E.7)
The equations E.4, E.6 and E.7 are a system of equations, with λtri0, µtr and
ttrc as unknowns. In this analysis too, the Newton-Raphson iterative method
will be used. In this case, we have:
[
f
]
=

µtr −
√
u2+(w+ltrq−Ktrλtri0ΩtrRtr)2
ΩtrRtr
λtri0 − strt
tr
c
2
√
µ2tr+(µ
tr
z )
2−λtri0
ttrc − atr4
[
θtr0 (
2
3
+ µ2tr) + µ
tr
z − λtri0
]

(E.8)
and
[
J
]
=

1
Ktr·(w+ltrq−Ktrλtri0ΩtrRtr)√
u2+(w+ltrq−Ktrλtri0ΩtrRtr)2
0
strt
tr
c µtr
2
√
(µ2tr+(µ
tr
z −λtri0)2)3
1− strttrc (µtrz −λtri0)
2
√
(µ2tr+(µ
tr
z −λtri0)2)3
− str
2
√
µ2tr+(µ
tr
z −λtri0)2
−atr2 µtrθtr0 atr4 1

(E.9)
E.2 Conclusions and observations
This mathematical model is based on the following main assumptions [2]:
• The thrust is uniformly distributed over the rotor disk across which
there is a jump of pressure, i.e. the rotor has ideally an infinite number
of blades;
• No rotation or swirl is imparted to the flow;
• The slipstream of the rotor is a well-defined mass of moving air with
well-defined boundaries outside which the air is practically undisturbed.
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The first and the last hypothesis are of particular importance: this model
does not represent the thrust when vortex ring conditions exist in tail ro-
tor, so it is not suitable for a simulation software. The tail rotor, in fact,
usually operates in a wide range of conditions, with its own wake or main
rotor slipstream ingestion and in separated flow from the rotorcraft fuselage
(Figure E.1). So a different approach is needed. Generally, a linear model
based on fictitious stability derivatives is used, in which effects of velocities
u, v and angular rates p, q are accounted for.
Figure E.1: Snapshots of the main rotor and tail rotor wakes that represents
the interaction between the rotors for three different values of
advance ratio µ and two tail rotor configurations [11].
Appendix F
Helicopter trim and performance
in axial and forward flight
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F.1 Introduction
In this section, the helicopter trim equations will be solved. The following
analysis is based on simple formulae developed in Appendices B and C, so
main simplifying hypotheses have to be reminded:
• Rotor blade and stabilizer bar are rigid in bending and torsion, with
no twist;
• Command chain and blade elasticity are neglected;
• Drag coefficient δ and lift coefficient a of airfoil independent of local
blade angle of attack (mean values have been considered);
• Both the flapping angle and the inflow angle were assumed to be small
(i.e. low ratio T/A and high blade aspect ratio) and this analysis uses
simple Glauert theory;
• The effects of the helicopter dynamic on the blade flapping were limited
to those due to the angular accelerations p˙ and q˙, the angular rates p
and q, z-axis acceleration w˙ and translation velocities u and v;
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• The reversed flow region was ignored, as the compressibility and stall
effects;
• The inflow was assumed to vary according the Glauert theory:
vi = vi0 · (1 +Kivx cosψ) (F.1)
• The tip loss factor was assumed to be 1; root-cutout effect is neglected;
F.2 Trim equations
Because of the asymmetry of the helicopter, the longitudinal and lateral plane
should be solve simultaneously. In [22], an analysis demonstrates that flight
parameters are related through no less than fourteen equation: however this
is no necessary in practice, especially as the accuracy of some assumptions
would hardly justify such detail. The longitudinal and lateral plane equation
will therefore be solve independently of one another.
Referring to Figure F.1 and F.3, resolving forces vertically and horizontally
([2], [28]):
Figure F.1: Forces and moments in longitudinal plane [2].
TD cos(αD + τc)−HD sin(αD + τc) = W +D sin τ (F.2a)
TD sin(αD + τc) +HD cos(αD + τc) = D cos τ (F.2b)
Making small angle assumption and neglecting term HD sin(αD + τc), equa-
tions F.2 can be solved iteratively, knowing the correlation between tc and
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Figure F.2: Forces and moments in lateral plane [2].
hD and aero-mechanical parameters. Taking moments about O and making
the small angle assumption, it gives:
−WfR− TDhRB1 + (HD + TDa1)hR +Mf −Ms(B1 − a1) = 0 (F.3)
Solving for B1:
B1 = a1 +
Mf +HDhR−WfR
WhR +Ms
(F.4)
Referring now to the lateral plane (Figure F.2 and F.4), taking moments
about O:
WlR−Whr(A1 + b1) + TthtR−Ms(A1 + b1) = 0 (F.5)
Solving for A1:
A1 = −b1 + WfR + TthtR
WhR +MS
(F.6)
In non-dimensional form:
A1 = −b1 + wcf + (Tt/W )tcht
tch+ Cms
(F.7)
Solving forces according the y-direction, it gives:
W (A1 + b1 + φ) + Tt = 0 (F.8)
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Figure F.3: Interpretation of flapping and feathering coefficients in the lon-
gitudinal plane.
Figure F.4: Interpretation of flapping and feathering coefficients in the lat-
eral plane.
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that gives:
φ = −(Tt/W ) + b1 + A1 = −(Tt/W ) + b1s (F.9)
In the figures below, the following helicopter trim parameters for the T-REX
500 will be shown as a function of µ:
• Longitudinal and lateral control to trim θ0, A1 and B1;
• Blade flapping coefficients a0, a1s, b1s, a1 and b1;
• Attitude θ and φ;
• Thrust, drag and torque coefficients tc, hc and qc;
• Disc incidence αD
• Inflow ratio λ and λD;
• Induced velocity coefficient Kiv.
Figure F.5: Collective pitch to trim θ0.
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Figure F.6: Lateral control to trim A1.
Figure F.7: Longitudinal control to trim B1.
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Figure F.8: Longitudinal attitude θ.
Figure F.9: Lateral attitude φ.
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Figure F.10: Thrust coefficient tc.
Figure F.11: Drag coefficient hc.
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Figure F.12: Torque coefficient qc.
Figure F.13: Blade flapping coefficient a0.
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Figure F.14: Blade flapping coefficient a1s.
Figure F.15: Blade flapping coefficient b1s.
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Figure F.16: Blade flapping coefficient a1.
Figure F.17: Blade flapping coefficient b1.
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Figure F.18: Disc angle of attack αD.
Figure F.19: Mean inflow ratio relative to plane of no-feathering.
APPENDIX F. HELICOPTER TRIM AND PERFORMANCE 173
Figure F.20: Mean inflow ratio relative to disc plane.
Figure F.21: Induced velocity coefficient Kiv.
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«Passa la bellezza nei tuoi occhi neri,
scende sui tuoi fianchi e sono sogni i tuoi pensieri . . .
Venezia inverosimile più di ogni altra città
è un canto di sirene, l’ultima opportunità
ho la morte e la vita tra le mani coi miei trucchi da vecchio senza dignità:
se avessi vent’anni ti verrei a cercare, se ne avessi quaranta, ragazzo, ti
potrei comprare,
a cinquanta, come invece ne ho ti sto solo a guardare . . .
Passa la bellezza nei tuoi occhi neri
e stravolge il canto della vita mia di ieri;
tutta la bellezza, l’allegria del pianto che mi fa tremare quando tu mi passi
accanto . . .
Venezia in questa luce del lido prima del tramonto
ha la forma del tuo corpo che mi ruba lo sfondo,
la tua leggerezza danzante come al centro del tempo e dell’eternità:
ho paura della fine non ho più voglia di un inizio;
ho paura che gli altri pensino a questo amore come a un vizio;
ho paura di non vederti più, di averla persa . . .
tutta la bellezza che mi fugge via e mi lascia in cambio i segni di una
malattia.
Tutta la bellezza che non ho mai colto,
tutta la bellezza immaginata che c’era sul tuo volto,
tutta la bellezza se ne va in un canto,
questa tua bellezza che è la mia muore dentro un canto . . . »
La bellezza, from Il lanciatore di coltelli, Roberto Vecchioni

